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Abstract
We study particle production and the corresponding entropy increase in the context of cosmology
with dynamical vacuum. We focus on the particular form that has been called “running vacuum
model” (RVM), which is known to furnish a successful description of the overall current observations
at a competitive level with the concordance ΛCDM model. It also provides an elegant global
explanation of the cosmic history from a non-singular initial state in the very early universe up
to our days and further into the final de Sitter era. The model has no horizon problem and
offers an alternative explanation for the early inflation and its graceful exit, as well as a powerful
mechanism for generating the large entropy of the current universe. The energy-momentum tensor
of matter is generally non-conserved in such context owing to particle creation or annihilation.
We analyze general thermodynamical aspects of particle and entropy production in the RVM. We
first study the entropy of particles in the comoving volume during the early universe and late
universe. Then, in order to obtain a more physical interpretation, we pay attention to the entropy
contribution from the cosmological apparent horizon, its interior and its surface. On combining
the inner volume entropy with the entropy on the horizon, we elucidate with detailed calculations
whether the evolution of the entropy of the RVM universe satisfies the Generalized Second Law of
Thermodynamics. We find it is so and we prove that the essential reason for it is the existence of
a positive cosmological constant.
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I. INTRODUCTION
The source of particles in the universe and the transformations between them have always
been intriguing questions. We know that the origin of particles could be closely related
to the starting of our universe, but people have widely different views about what is the
ultimate mechanism, see e.g. [1–8]. In the context of quantum cosmology, for instance (see
[3] and references therein), the universe is described by a global wave function rather than
the classical spacetime. Such a wave function of the universe should satisfy the Wheeler-
DeWitt equation [1], in which the Hamiltonian acting on the wave function is equal to zero.
Quantum cosmology actually suggests that the universe can be created spontaneously out of
nothing, that is to say, from a state without matter nor space or time. This would solve the
singularity problem in a natural way, but we still lack of a consistent theory of spontaneous
creation “ex nihilo”. Some other mainstream cosmological models such as inflation [9–11]
have their own ideas for explaining particle production and baryon asymmetry e.g. through
reheating after inflation [12, 13]. However, the mechanisms of inflation and reheating are
manifold [14–17] and we still have a long way to go before we can satisfactorily explain
the ultimate source of particles in the universe. The standard ΛCDM model [18, 19], or
“concordance” model of cosmology, does not have itself an explanation.
The types and proportions of particles in the early universe are completely different
from our current universe. The emergence of new particles involves the exchange of energy
between them, but in the process it can also participate the vacuum and its decay into
particles or the annihilation of particles into the vacuum. The energy exchange we refer
here works through the production or annihilation of particles at a macroscopic scale (the
universe) and will be treated mainly on thermodynamical grounds. Therefore, the entropy
description will be central in our approach. We will not address the microscopic details about
how particles collide, the conditions of the energy exchange, the collision cross sections and
so on. This would imply an exceedingly model-dependent description with many parameters.
The earliest study of particle production in cosmology dates back to the 1960s. The
pioneering works of Parker and collaborators on time varying gravitational backgrounds are
very representative [20–22]. Because the energy of the field is not conserved, its action
is explicitly time-dependent and its quantization amounts to particle production. This
semiclassical approach is based on quantum field theory (QFT) in curved spacetime [23, 24].
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Since then, the research on particle production developed rapidly, especially its applications
in cosmology – see [25–34], for example. Among these applications, the thermodynamics of
particle production is perhaps the most widely studied problem [35–42]. In Refs. [43–45], the
Second Law of Thermodynamics is used to constrain particle production in cosmology within
specific contexts. Since the Second Law is a concept related to entropy, the notion of specific
entropy (the entropy associated to a single particle) acquires a special significance when
particle production is involved in the evolution of the universe [40]. The study of Friedman-
Lemaˆıtre-Robertson-Walker (FLRW)-type cosmology with adiabatic matter creation was
discussed in [46, 47], including some thermodynamic aspects of it in [48, 49] and applications
to inflation [31, 41, 50–53]. In recent years, the thermodynamic concepts have also been
applied to modified gravity, scalar-tensor and Horndeski theories [54–56].
Being the production or annihilation of particles an energy-conversion process it can
be characterized by the energy-momentum tensor of the corresponding matter. For General
Relativity (GR) and minimally coupled theories of gravity, in general, the energy-momentum
tensor of matter satisfies ∇µT µν = 0, and therefore there is no particle production and
annihilation at a macroscopic scale. However, for more general cases, in particular for
interactive theories of gravity and matter, the equation ∇µT µν = 0 does no longer apply
for the matter part, and one can assume that there exists production or annihilation of
matter. This situation occurs e.g. within the class of GR-like theories of gravity in which
the vacuum energy density ρΛ = Λ/(8πG) evolves with the cosmic expansion, where Λ is the
cosmological term and G is Newton’s gravitational coupling. The idea of a time-evolving
Λ is old enough, see e.g. [57–61], but its implementation in practice has been changing
significantly over time. The old models [62] are essentially phenomenological of nature, with
little or no connection whatsoever with any fundamental theory.
In a more theoretical vein, we have the attempts to connect the evolution of the vacuum
energy density more closely with QFT in curved spacetime [63, 64], and in particular also
with the effective action of Supergravity inflationary models [65]. Along these lines we have
the idea of the ‘running vacuum model’ (RVM), see [66, 67] and references therein. Recently,
a possible connection of the latter with the effective action of the bosonic gravitational
multiplet of string theory has been put forward [68, 69]. Within the RVM one can construct
unified models of the cosmological evolution, in which vacuum plays a dynamical role with
matter. It can provide a global picture of the universe evolution from inflation to the
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present days [70, 71], see also [67] for a comprehensive presentation. In fact one can
mimic the particle production in a varying gravitational field. In such context, the study
of entropy production can be of great interest since there is a continuous interplay between
matter and vacuum [72–76]. Phenomenologically, the class of RVM models show very
good consistency with the observational data, see Refs. [77–86]. Moreover, it has been
shown that some tensions of the concordance ΛCDM model with the data can be alleviated
with the option of dynamical vacuum or mimicking it, see e.g. [87–89]. Different sorts of
dynamical vacuum models (DVMs) can be of interest, see e.g. [90–96] and references therein,
including nonparametric approaches [97]. Here, however, we wish to emphasize mainly on the
thermodynamical aspects of these models, such as particle production and entropy increase.
In this work, we discuss general aspects of particle and entropy production within the
RVM by considering the entire evolution of the universe from the inflationary epoch to
the future de Sitter era [66, 67, 70–72]. We mainly focus on the study of the particle’s
entropy evolution and check if it satisfies the thermodynamic requirements concerning the
Second Law. We separately address the entropy evolution from two different perspectives:
i) the entropy of the comoving volume, and ii) the total entropy in the presence of the
apparent horizon, obtained from the sum of the (volume) plus the (area) contributions.
This allows us to test explicitly the accomplishment of the Generalized Second Law (GSL)
of thermodynamic for the running vacuum universe. This aspect of our study is particularly
interesting since it explores the holographic implications of the entropy in the presence of
dynamical vacuum. For related studies, see e.g. [98, 99] and references therein.
The paper is organized as follows: Sec. II is devoted to the review of some basics of
the thermodynamic framework in cosmology. Dynamical vacuum models are introduced in
Sec. III. In Sec. IV, we present the cosmological solutions for the RVM in the early and late
universe. In Sections V and VI, we study particle and entropy production in the comoving
volume approach during the early and late time universe, respectively. In Sec. VII, we
focus on horizons, entropy and the GSL, and discuss whether in this approach the entropy
evolution for the RVM is in line with the thermodynamic expectations. Sec.VIII, acting as
a kind of epilogue, discusses the lengthy path of the universe towards safe thermodynamical
equilibrium in the context of the GSL. The main conclusions of this work are rendered in
Sec. IX. In the Appendix we extend our study within a more general version of the RVM
universe and we prove that the main basic thermodynamical features remain intact.
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II. THERMODYNAMICS IN EXPANDING UNIVERSE: BASIC FORMALISM
In this section, we introduce some basic thermodynamic formulas that will be used in
our discussion in subsequent sections. Because we will consider the vacuum dynamics in a
cosmological context it proves useful to review the thermodynamic formulae in a cosmological
spacetime and see what are the implied modifications. In such geometric arena we are
assumed to have all the relevant ingredients, some of them in interaction, such as baryons,
cold dark matter (CDM), radiation (made out of photons and neutrinos) and other (non-
material) forms of energy, such as vacuum energy or in general dark energy (DE). They all
participate in the thermodynamical analysis.
A. Particle production and entropy flow
In view of the cosmological principle [19], such spacetime is characterized by global ho-
mogeneity and isotropy and hence by the FLRW metric. For the spatially flat case (to
which we shall restrict our considerations, unless stated otherwise), the FLRW line element
of spacetime ds2 = gµνdx
µdxν adopts a particularly simple form:
ds2 = −c2dt2 + a2(t)(dx2 + dy2 + dz2) , (II.1)
where the scale factor a = a(t) is evolving with the cosmic time (see the next section for
more details). Hereafter we assume natural units c = ~ = 1.
Let the number density of particles in FLRW spacetime be labeled as n. Combined
with the four velocity of a comoving observer uα, it can be used to describe the flow of
particles: nα = nuα. When there exists particle production (or annihilation), we can define
a variable ψ to characterize the non-conservation of the particle flow, i.e. ∇αnα = ψ (ψ > 0
corresponds to a source of particles whereas ψ < 0 to a sink, where particles disappear).
The particle production rate of a given species of particles is then defined as follows:
Γ =
ψ
n
. (II.2)
The entropy flow correlating with the particle flow can be expressed as
sα = σnα = σnuα = suα, (II.3)
where σ is the specific particle entropy (the entropy of an individual particle). In the comov-
ing frame, we have uα = (1, 0) and hence for α = 0 we obtain from (II.3) the entropy density
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in that frame: s = nσ. Phrased in terms of (II.3), the Second Law of Thermodynamics tells
us that if the system is an isolate system, the total entropy flow always increases until it
reaches equilibrium, i.e. ∇αsα ≥ 0.
The non-conservation of the particle flux, i.e. ∇αnα = ψ, can be written in a more
explicit form as follows:
n˙ + θn = ψ = nΓ , (II.4)
where a dot denotes differentiation with respect to the cosmic time. The above expression
gives the evolution of the particle number density (in the presence of the particle production
rate Γ). In it the parameter θ = ∇αuα provides the expansion scalar of the fluid, i.e. the
rate of change of the comoving volume during the expansion. For FLRW spacetime (II.1),
one easily finds
θ = ∇αuα = 1√−g∂α
(√−guα) = 1
a3
da3
dt
= 3H , (II.5)
where g = −a6 is the determinant of the FLRW metric and H = a˙/a is the Hubble rate.
It is interesting to note that Eq. (II.4) allows us to obtain an alternative definition for the
production rate in the number of created particles. Indeed, the total number of particles
per comoving volume a3 is N = na3, which satisfies
N˙
N
=
n˙a3 + 3na˙a2
na3
=
n˙ + 3Hn
n
. (II.6)
Using now the balance law (II.4), this equation can be written in the compact form
Γ =
N˙
N
. (II.7)
As we can see, this provides an alternative definition of particle production rate Γ (as the
relative variation of the total number of particles with the cosmic time), which is more in
accordance with intuition than the original definition in Eq. (II.2).
The balance law (II.4) also allows us to compute the divergence of the entropy flow (II.3):
∇αsα = nσ˙ + nσΓ . (II.8)
As expected, if the specific particle entropy remains constant (σ˙ = 0) and there is no particle
production (Γ = 0), then ∇αsα = 0 and we are in thermodynamical equilibrium. If any or
both of these conditions are not satisfied, the Second Law of Thermodynamics requires that
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the balance between the two terms yields ∇αsα ≥ 0 until equilibrium is eventually reached.
Using the last relation in (II.3), we can write the alternative form
∇αsα = ∇α (suα) = s˙+ 3Hs = 1
a3
d(sa3)
dt
=
1
a3
dS
dt
, (II.9)
which does not involve the parameters σ and Γ. The previous relation expresses the entropy
flow just in terms of the time variation of the total entropy S = sa3 in a comoving volume.
We can further characterize the entropy change with the help of the thermodynamic
potentials. Although thermodynamics was not originally formulated in the cosmological
context, it is usually assumed that it can be applied to any physical volume element V in
the expanding universe [14, 17]. Thus, the First Law of thermodynamics for such volume
can be expressed in the Gibbs form as follows:
TdS = dU + pdV −
∑
i
µidNi , (II.10)
in which T is the temperature, ρ and p are the equilibrium energy density and pressure at
such temperature, and µi (i = 1, 2, ...) are the chemical potentials for the different compo-
nents (Ni being the total number of particles in each case). Finally, U = ρV and S = sV
are the internal energy and entropy stored in V . If V is the physical volume of a considered
part of the universe at a time where the scale factor is a, we have V = a3L3, where L3 is
the coordinate volume at present 1. Usually, for simplicity, we will assume the coordinate
volume L3 = 1 and then V just coincides with the comoving volume a3. Thus, S = sa3
is the total comoving entropy in the comoving volume and s = nσ is the aforementioned
entropy density, i.e. the 0th component of the entropy flow vector (II.3).
For the comoving volume V = a3, Eq. (II.10) can be written as follows:
Td(sa3)− d(ρa3)− pda3 +
∑
i
µid(nia
3) = 0. (II.11)
For fixed a3 =const. at some instant of cosmic time, it is easy to see that the above equation
implies Tds− dρ +∑i µidni = 0. Substituting the latter relation back into (II.11) we find
(Ts−ρ−p+∑i µini)da3 = 0, where now the comoving volume of the system can be evolving.
It follows immediately that
s =
ρ+ p−∑i µini
T
, (II.12)
1 We take a dimensionless and normalized as a(t0) = 1 at the present value of the comic time, t = t0.
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which is the well-known expression for the entropy density per comoving volume.
Hereafter, for simplicity, we will discuss the case of one species of particles only and we
shall therefore omit the sum over species (as we already did in the initial considerations of
this section). In this notation, and taking into account that s = nσ, Eq. (II.12) implies that
the chemical potential of that particular species is given by
µ =
ρ+ p
n
− Tσ. (II.13)
If σ is assumed constant, i.e. σ˙ = 0 (see further discussions below), it is easy to combine
equations (II.11) and (II.13) to obtain (for one component) the following differential law:
d(ρa3) + pda3 =
ρ+ p
n
d(na3) . (II.14)
This law is sometimes called the First Law of thermodynamics generalized for open sys-
tems [43–45]. In fact, the cosmic system under study is open since the evolution of ρ is not
only affected by the dilution produced by the universe’s expansion but also by the creation
(or disappearance) of new particles in the comoving volume. The above equation can be
conveniently cast as
ρ′ +
3
a
(p+ ρ) =
(
ρ+ p
N
)
dN
da
, (II.15)
where prime denotes d/da. As always, N = na3 stands for the total number of particles in
the comoving volume. Notice also that because ρ+ p is the enthalpy per unit volume [100],
H/V , the coefficient of the differential in the r.h.s. of Eq. (II.14) is just the specific enthalpy
(i.e. the enthalpy associated to a single particle): (ρ + p)/n = H/N . The presence of the
enthalpy here is quite natural if we take into account that it acts as potential for work
for systems of constant pressure, these systems being generally open systems for which
(II.14) holds. For a closed system with a fixed number of particles, however, the r.h.s. of
equations (II.14) and (II.15) vanishes since d(na3) = dN = 0, and one then recovers the
First Law for closed systems:
ρ′ +
3
a
(p+ ρ) = 0 . (II.16)
Another important differential form in thermodynamics is the Gibbs-Duhem equa-
tion [100]: SdT − V dp + Ndµ = 0. The latter follows at once from differentiating Euler’s
relation U = TS − pV + µN and using the First Law (II.10). Recall that the mentioned
Euler’s relation is a consequence of the fact that the total entropy is a homogeneous func-
tion of degree one in its natural variables S = S(U, V,N) [100]. The Gibbs-Duhem equation
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shows that the three intensive variables T, p and µ are not independent; if we know two of
them, the value of the third can be determined from such differential expression. We are
now ready for an important step, which is to derive the relation between entropy flow and
particle production. To this end, we combine the Gibbs-Duhem equation with Eq. (II.13)
and its own differential form. A straightforward calculation leads to
nTdσ = dρ− ρ+ p
n
dn. (II.17)
Dividing it out by Tdt, one gets
nσ˙ =
ρ˙
T
− (ρ+ p)
T
n˙
n
. (II.18)
Using (II.4) for n˙/n and inserting (II.18) in (II.8), we find:
∇αsα = ρ˙
T
− (ρ+ p)
T
(Γ− θ) + σnΓ . (II.19)
B. Production pressure and bulk viscosity
Another important ingredient which we need to discuss is the notion of production pres-
sure and bulk viscosity in the context of particle production. If there is no particle pro-
duction, the usual local conservation law in cosmology is ∇µT µν = 0, where T µν is the
energy-momentum tensor for matter. If all components making up the universe can be con-
sidered as perfect fluids, the energy-momentum tensor of all matter in the FLRW metric
takes on the form
Tµν = (ρ+ p)uµuν + pgµν . (II.20)
The parameters p and ρ are the total (proper) pressure and energy density of the matter
fluids, respectively. Using the above perfect fluid form and the FLRW metric (II.1), the
ν = 0 component of the conservation law ∇µT µν = 0 just reads
ρ˙+ 3H(p+ ρ) = 0 . (II.21)
This equation is just an alternative form of Eq. (II.16) after we trade the cosmic time for
the scale factor in the process of differentiation (recall that d/dt = aHd/da), as could be
expected. In the presence of particle production, however, it is customary to associate a
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production pressure, pc, to the creation of new particles. As a result the above conservation
law gets modified as follows:
ρ˙+ 3H(p+ ρ+ pc) = 0. (II.22)
Combining this equation with (II.13) for the chemical potential, we can rewrite the relation
between the entropy flow and particle production, Eq. (II.19), in the more compact form:
∇αsα = −pcθ
T
− µψ
T
= −3Hpc
T
− µnΓ
T
, (II.23)
where we recall that θ = 3H is the expansion of the cosmological fluid in FLRW spacetime.
This formula has been introduced in [40] and applied to different contexts.
Particle production can mimic a fluid having bulk viscosity pressure Π = −ζθ, where ζ is
the bulk viscosity parameter (having dimension 3 of energy, in natural units) [42]. If there
are no other dissipative processes except bulk viscosity, we have
ρ˙+ θ(p+ ρ+Π) = 0 , (II.24)
where the entropy production is fully determined by Π through [42]
∇αsα = Π
2
ζT
. (II.25)
Clearly, Eqs. (II.22) and (II.24) are very similar since in the cosmological context θ = 3H .
We can see that particle creation can be conceived as a form of bulk viscosity. Indeed, if pc
is to satisfy also (II.25), i.e. ∇αsα = p2c/(ζT ), then from (II.23) we find p2c + ζpcθ = −ζnµΓ.
Thus, for Γ = 0 we recover the relation pc = −ζθ, which is alike to the one satisfied by
Π in the absence of particle production, whereas for Γ 6= 0 particle production leads to a
generalized relation between pc, bulk viscosity and the fluid expansion.
It is also customary to parameterize the production of particles in an expanding universe
in terms of an anomalous conservation law as follows [48]:
ρ˙+ 3H(ρ+ p) = βnΓ , (II.26)
where β > 0 is a dynamical quantity with dimensions of energy, and Γ is the particle
production rate mentioned above. For Γ = 0 we recover the standard local conservation law
(II.21). From equations (II.22) and (II.26) we find
pc = −β nΓ
3H
. (II.27)
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The production pressure vanishes in the absence of particle production, as expected. On
the other hand, for an expanding universe with particle production, we have H > 0 and
Γ > 0 and hence the production pressure satisfies pc < 0 (β > 0). The induced effective
negative pressure is the reason why viscous fluids can be conceived as a mechanism for
acceleration even without dark energy [31, 41, 50–53, 101]. Moreover the bulk viscosity
suppresses the growth of structures since the induced negative pressure works against the
gravitational collapse. Similarly, the shear viscosity [42] refrains the velocity perturbations
from increasing and this also stops the growth, but we shall not address this effect here.
Taking Eq. (II.27) into Eq. (II.23) we obtain
∇αsα = nΓ
T
(β − µ)
= nΓσ +
(
β − ρ+ p
n
)
nΓ
T
, (II.28)
where we used Eq. (II.13) to get the second equality. For Γ > 0 (particle production) and
β > µ, the entropy of particles is growing. If β < µ, we need Γ < 0, i.e. particle annihilation,
in order to preserve the Second Law of Thermodynamics.
C. Entropy evolution and Second Law in the expanding universe
Finally, we consider the evolution of the total entropy. IfN is the total number of particles
of a given sort in a comoving volume a3, i.e. N = na3, the total entropy in the comoving
volume is just N times the specific entropy of particles: S = Nσ. Therefore
S˙
S
=
N˙
N
+
σ˙
σ
= Γ +
σ˙
σ
, (II.29)
where in the last step we have used (II.7). It is convenient to rewrite the general equation
(II.29) as follows:
dS
dt
= S
(
σ˙
σ
+ Γ
)
= Nσ˙ +NσΓ. (II.30)
When σ˙ is nonvanishing the evolution of the entropy can be compatible with the presence of
particle annihilation (Γ < 0) since we can still preserve the Second Law (dS
dt
> 0) provided
the rate of change of σ with the expansion is large enough. However, in the frequent special
case σ˙ = 0 (i.e. constant specific entropy for each particle) the evolution of the entropy is
fully controlled by particle production:
S˙
S
=
N˙
N
= Γ , (II.31)
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and then the Second Law requires Γ > 0. Let us now recall that it is precisely when σ˙ = 0
that equation (II.15) is fulfilled. If we express such equation in terms of the cosmic time, it
is easy to find
ρ˙+ 3H(p+ ρ) = (ρ+ p)
N˙
N
= Γ (ρ+ p) , (II.32)
where once more we have used (II.7). For Γ = 0 we naturally retrieve Eq. (II.21), as it
should be expected. Furthermore, on comparing (II.32) with (II.26) we find that
β =
ρ+ p
n
. (II.33)
Thus, from the foregoing discussion it follows that when σ˙ = 0 the parameter β becomes
equal to the the specific enthalpy. We shall further discuss this relation when we consider
vacuum decay into matter in the next section.
Equation (II.30) is the counterpart of (II.8) for the total entropy evolution law. The
r.h.s. of equations (II.8) and (II.30) differ by a factor V = a3. Thus, dS/dt = a3∇αsα,
as noted already in Eq. (II.9) above, and we can equivalently express the Second Law of
Thermodynamics either as dS
dt
> 0 or as ∇αsα > 0. But this is only one of the conditions to
be satisfied by the entropy function. In fact, the basic thermodynamic conditions associated
to the Second Law are two: i) the entropy must increases with the expansion; and ii) its
increase must wane with time until the system (in this case the universe) eventually achieves
a final state of thermodynamic equilibrium. Therefore, we actually need the following two
conditions2:
dS
dξ
≥ 0 d
2S
dξ2
< 0 . (II.34)
While the first condition is usually associated to the Second Law, the second one (or stability
condition) is also necessary and is dubbed the Law of Thermodynamic Equilibrium (LTE). In
its absence the entropy could raise in an uncontrolled way. We will see the importance of the
LTE throughout our discussions. In cosmology, the differentiation is to be performed with
respect to some relevant variable ξ associated to the increasing expansion of the universe,
for example the cosmic time or the scale factor. The equilibrium state is finally attained
when the first derivative is zero and the second remains negative (which defines, of course,
the concavity condition around the maximum of the function S). The situation dS/dξ = 0
2 For simplicity, we restrict to the case of a single variable ξ, as this will be sufficient for our purposes. In
general, the conditions insuring a path to stable equilibrium are expressed in terms of the first and second
order differentials, namely dS ≥ 0 and d2S < 0, in whatever number of variables [100].
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and d2S/dξ2 < 0 therefore corresponds to the state of stable equilibrium at a maximum
entropy. We can check it explicitly from Eq. (II.11), when the variable ξ is taken to be the
cosmic time of the FLRW metric. Dividing out Eq. (II.11) by dt, it becomes
T
d(sa3)
dt
=
d(ρa3)
dt
+ p
da3
dt
−
∑
i
µi
d(nia
3)
dt
= a3 [ρ˙+ 3H(ρ+ p)]−
∑
i
µi
d(nia
3)
dt
. (II.35)
Assuming local covariant conservation law of matter, Eq. (II.21), the above equation boils
down to
dS
dt
= −
∑
i
µi
T
d(nia
3)
dt
. (II.36)
This equation shows that the total entropy in the comoving volume, S = sa3, will not be
conserved if there is creation or destruction of particles. A path to equilibrium requires
dS/dt ≥ 0 and d2S/dt2 < 0. However, for quasi-static processes around equilibrium we have
d(nia
3) = dNi = 0 for each species of particles since the chemical potentials correspond to
conserved quantities in the state of equilibrium (e.g. charge, hypercharge, baryon or lepton
number etc, which cannot increase nor decrease at this point), and on the other hand µi = 0
for those species not carrying any conserved quantum number (such as photons or Majorana
particles). Therefore, for these processes the last term of Eq. (II.36) vanishes and we achieve
dS/dt = 0; and stability requires also d2S/dt2 < 0. In other words, in such conditions we
may consider that the entropy is conserved at a maximum value in a comoving volume.
The evolution of the universe in certain stages can be considered to satisfy such entropy
conservation law, typically for sufficiently large temperatures where the interaction rates of
particles are larger than the expansion rate [14]. The above equations, however, must be
further modified in the presence of vacuum dynamics since the vacuum can be itself a source
of new particles or a sink of them. This will be dealt with in the next section.
III. DYNAMICAL VACUUM MODELS
We have reviewed some basic knowledge of entropy and particle production in the cos-
mological context. With the previous discussion, we can apply these generic results to
cosmological models where the vacuum is not a mere spectator. The possibility that the
vacuum energy density is an evolving quantity can be considered a natural assumption in an
expanding universe. One might even deem that the more standard assumption ρΛ =const.
(which is the usual trademark in the concordance ΛCDM model) is an oversimplification
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in the context of an expanding cosmological background. Let us emphasize that Occam’s
razor is preferred only if it works better, but sometimes additional assumptions can be more
efficient. The idea of dynamical vacuum energy can be helpful for the study of our speeding
up universe, and it proves competitive enough in the description of the overall cosmological
data [77–84]. For this reason we shall focus on the thermodynamical aspects of the class
of the dynamical vacuum models (DVMs) and particulary on the subclass of the running
vacuum models (RVMs), which we will introduce in more detail in Sec. IV.
A. Einstein’s equations with dynamical vacuum
Let us start with Einstein’s equations, which can be written as follows:
Gµν + Λgµν = κ
2Tµν . (III.1)
Here, Gµν = Rµν − (1/2)gµνR is the Einstein tensor, and we have defined κ2 ≡ 8πG with G
Newton’s constant. In addition, Λ is the cosmological term, which has no obvious relation
with matter. Expressed as a vacuum energy density, the quantity ρΛ = Λ/κ
2 is of order
of the current critical density ρc0 (specifically ρΛ ≃ 0.7ρc0 [102, 103]) and hence very small
as compared to any typical value in particle physics. One finds ρΛ ∼ 10−47 GeV4, which is
much smaller than m4 for any known particle mass except for a light neutrino in the milli-
electronvolt range [66]. We also know observationally that ρΛ is approximately constant, but
we cannot exclude a certain evolution with the cosmic expansion. Such evolution is perfectly
allowed by the Cosmological Principle, which expresses the homogeneity and isotropy of the
large scale observations. Studies in recent years indicate the possibility that the fundamen-
tal “constants” of Nature may evolve mildly with the expansion (see e.g. [104–106]. It has
been suggested that a possible explanation could be an exchange of energy between matter
and vacuum [107]. In this work we will assume such possibility, and more specifically that
the vacuum energy density ρΛ is actually “running” with the cosmic expansion rate H [66],
although we will keep G =const. for the present work3.
In the context of DVMs, the Einstein equation can be formally written as in (III.1) but
admitting the possibility that Λ = Λ(t), and hence ρΛ = ρΛ(t), is evolving with the cosmic
3 See Refs. [78, 79, 108] for some recent studies considering the possibility to improve the fit to the current
cosmological data in models where G evolves with time.
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time:
Gµν = κ
2 (Tµν − gµνρΛ(t)) . (III.2)
From the Bianchi identity, ∇µGµν = 0, it follows that the matter energy-momentum tensor
Tµν is constrained to satisfy
∇µTµν = gµν∇µρΛ(t) , (III.3)
and hence it cannot be conserved if ρΛ(t) is an evolving cosmic variable. Using the perfect
fluid form (II.20) and taking the ν = 0 component of the above equation in the FLRW
metric, we find
ρ˙+ 3H(ρ+ p) = −ρ˙Λ(t) . (III.4)
This equation expresses that the total energy density and pressure of matter (both relativistic
and nonrelativistic), ρ and p, could be in general interacting with the vacuum components
ρΛ and pΛ. Recall that the latter satisfy the equation of state (EoS)
pΛ(t) = −ρΛ(t) . (III.5)
We should emphasize at this point that owing to its definition we assign the same EoS
to vacuum whether static or dynamical: wΛ = pΛ/ρΛ = −1. Equation (III.4) generalizes
(II.21) in the presence of vacuum energy in interaction with matter. Being the combined
system of matter and vacuum a closed system in interaction, it must also preserve as a
whole the local covariant conservation law of energy. We can check that if we use the total
energy density and pressure of matter and vacuum, namely ρT = ρ + ρΛ and pT = p + pΛ,
in equation (II.21) – i.e. if we replace ρ→ ρT and p→ pT in it – we recover Eq. (III.4).
The corresponding form of Einstein’s equations for the spatially flat FLRW metric are
the well-known pair of Friedmann’s equations for the total energy density and pressure:
3H2 = κ2ρT = κ
2
∑
i=m,r,Λ
ρi = κ
2(ρm + ρr + ρΛ) , (III.6)
3H2 + 2H˙ = −κ2pT = −κ2
∑
i=m,r,Λ
pi = −κ2(pm + pr + pΛ) = κ2(ρΛ − 1
3
ρr) , (III.7)
where the sum is over all the components of the cosmic fluid: i = m, r,Λ, i.e. non-relativistic
matter, radiation and vacuum, with wi = pi/ρi the EoS parameters for each component.
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Notice that the total matter energy density (relativistic plus non-relativistic) is ρ = ρr+ρm,
where ρm = ρb+ ρcdm is the total non-relativistic part, the latter involving the contributions
from baryons and CDM, both with vanishing pressure. The relativistic part (or radiation)
and the vacuum part, instead, are characterized by the EoS’s pr = ρr/3 and (III.5), respec-
tively. One can readily check that the local conservation law (III.4) can be recovered directly
from the previous equations (III.6) and (III.7), and can be expressed in a compact manner
as follows:
ρ˙T + 3H(ρT + pT ) =
∑
i=m,r,Λ
ρ˙i + 3H(1 + wi)ρi = 0 . (III.8)
Such equation is thereby not independent from the above pair of Friedmann’s equations, but
it is very useful as it allows to express the local covariant conservation of all the components
of the cosmic fluid. It splits into the corresponding conservation equations for each fluid
component only if they are all free, i.e. non-interacting. But this need not to be the case
for some of the components.
B. Interaction of matter with vacuum
Equation (III.8) can be put in the form
ρ˙+ 3Hρ = Q , ρ˙Λ = −Q . (III.9)
which is just a convenient way of expressing Eq. (III.4) in which an interaction source Q
is explicitly introduced, but at this point is still unspecified. One frequently assumes that
the density of baryonic matter is conserved (ρ˙b + 3Hρb = 0) after it was first created in the
early universe 4. Furthermore, since radiation is subdominant at present it means that if
there is to be a nontrivial energy exchange at present it is usually assumed to occur between
cold DM and vacuum only. Under this assumption, we can just replace ρ→ ρcdm in (III.9).
However, the general thermodynamic considerations under study will not depend on these
microphysical details, and so we need not make very specific assumptions of this kind here.
Different Ansa¨tze for Q used in the literature are usually proportional to the Hubble rate
times a linear combination of energy densities of various sorts:
Q = 3H
∑
i
νiρi , (III.10)
4 A mechanism for baryogenesis through leptogenesis has been proposed within the RVM context, see [68]
and references therein, as well as the additional comments in the next section.
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where νi are dimensionless coefficients and the factor 3 is for convenience. The energy
densities can be of CDM, baryons, radiation or even vacuum energy density, depending on
the specific assumptions made, the coefficient being zero if the given species does not interact;
see e.g. [83] and references therein for particular instances, which have been thoroughly
studied in the literature and compared with observations.
The relationship between particle production rate and the decaying vacuum Λ(t) can be
obtained from the evolution equations of the specific entropy (σ) and temperature (T ) of the
created particles. The vacuum is assumed to have no chemical potential (µΛ = 0) and hence
its EoS (III.5) implies that it has no entropy [48, 49]. This is obvious from (II.12) or (II.13)
if we call upon (III.5). Assuming that the particle production from vacuum is adiabatic,
such that some basic thermodynamic equilibrium relations are preserved, one finds that the
quantity β introduced previously in Eq. (II.26) becomes determined as follows (see [40, 48]
for details):
β =
ρ+ p
n
. (III.11)
Recall from Sec. II that ρ+ p ≡ H/V is the enthalpy per unit volume, so we have β = H/N ;
and hence under the mentioned thermodynamical conditions in cosmology, β becomes equal
to the the specific enthalpy. Let us now show that the above relation implies σ˙ = 0. This
follows immediately from equating the two alternative expressions that we have found in
Sec. II for the entropy flow, namely equations (II.8) and (II.28). We obtain
nσ˙ =
(
β − ρ+ p
n
)
nΓ
T
. (III.12)
So indeed the fulfillment of (III.11) automatically implies σ˙ = 0. Thus, when Eq. (III.11) is
fulfilled the entropy change can only be due to the change in the number of particles, see
Eq. (II.31). Notice that Eq. (III.11) is the same as Eq. (II.33), except that here the relation
σ˙ = 0 has been inferred rather than assumed. Such alternative derivation [40, 48] gives a
new physical insight on the meaning of the condition σ˙ = 0, as it shows that this relation
is automatically implied whenever the particles originated from the decaying vacuum are
created immediately in equilibrium with the already existing ones, i.e. when no finite time
is needed for thermalization. This will be assumed throughout our study unless stated
otherwise 5.
5 If one wishes to study an evolving σ over time while ensuring that (III.11) remains true, it is necessary
to introduce an extra term into the conservation equation of matter [40, 48].
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As a consequence of the relation (III.11) we can now derive an important formula, which
follows from Eqs. (II.26) and (III.4):
Γ =
−ρ˙Λ(t)
nβ
=
−ρ˙Λ(t)
ρ+ p
=
−ρ˙Λ(t)
(1 + w)ρ
, (III.13)
where w = p/ρ is the EoS of matter, relativistic (wr = 1/3) or nonrelativistic (wm = 0).
This result is reasonable: if the entropy per particle is constant (σ˙ = 0), then when ρΛ(t)
decays (ρ˙Λ(t) < 0) the energy of vacuum is fully invested in the creation of new particles
(Γ > 0), whereas if ρ˙Λ(t) > 0 the particles disappear into vacuum (Γ < 0). We shall see
that the above relation plays an important role in our discussion.
We conclude this section with following remark. In the ΛCDM, the vacuum cannot decay
into particles, so we have Γ = 0. In this case, Eq. (III.12) does not apply since it is based
on (II.28), which does not apply either since it assumes nonvanishing particle production.
However, the primary relation (II.8) still holds and since Γ = 0 we find ∇αsα = nσ˙, and so
in this case the evolution of the entropy is fully controlled by σ˙. On comparing the previous
equation with (II.9) we find that nσ˙ = (1/a3)dS/dt, or
σ˙ =
1
na3
dS
dt
=
S˙
N
, (III.14)
which is perfectly consistent with S = Nσ since N (the total number of particles in the
comoving volume) is conserved in this case. In this particular situation, the Second Law of
Thermodynamics obviously implies σ˙ > 0 unless the universe already reached equilibrium.
IV. RUNNING VACUUM MODELS
In this section, we apply the thermodynamic framework discussed so far to some specific
DVMs as this may help to have a better understanding of these models. The particular
case of the running vacuum model (RVM) provides a competitive fit to the overall set of
cosmological observations as compared to the concordance model of cosmology, i.e. the
ΛCDM, see e.g. [77–84]. The RVM can also be extended such that it can also encompass
the physics of inflation and its transition to the standard radiation epoch, see [70, 71] and
[67, 72].
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A. Unified model of vacuum energy density
The RVM is well described in the aforesaid references (see also [66, 67] for a review)
and here we limit ourselves to point out the basic formulas. The model is based on a
renormalization group equation which governs the “running” of the vacuum energy density
ρΛ as a function of the Hubble rate H . Up to O(H4) it reads
d ρΛ(H)
d lnH2
=
1
(4π)2
∑
i
[
aiM
2
i H
2 + biH
4
]
, (IV.1)
where the coefficients ai, bi are dimensionless and receive contributions from loop corrections
of boson (B) and fermion (F) matter fields with different masses Mi. Integration leads to
the vacuum energy density 6
ρΛ(H) =
Λ(H)
κ2
=
3
κ2
(
c0 + νH
2 + α
H4
H2I
)
. (IV.2)
Once more we have denoted κ2 ≡ 8πG, and c0 is an integration constant (with dimension
+2 in natural units, i.e. energy squared) which together with the dimensionless coefficient
ν can be constrained from the cosmological data. The latter is formally given in QFT as
ν =
1
48π2
∑
i=F,B
ai
M2i
M2Pl
. (IV.3)
Notice that MPl = 1/κ = MP/
√
8π is the reduced Planck mass, where MP = 1/
√
G is
the usual Planck mass (in natural units). Clearly, only the heavy particle masses Mi from
the Grand Unified Theories (GUT’s) can provide a non-negligible contribution [66]. On the
other hand, the coefficient controlling the higher order power in H reads
α =
1
96π2
H2I
M2Pl
∑
i=F,B
bi . (IV.4)
The dimensionless coefficients (ν, α) play the role of one-loop beta-functions (at the respec-
tive low and high energy regimes during the universe expansion). They are expected to be
naturally small because M2i ≪M2Pl for all the particles, even for the heavy fields of a typical
GUT, where ν lies in the range |ν| = 10−6 − 10−3 [64], while α is also small (|α| ≪ 1),
since the Hubble rate at the scale of inflation, HI , is certainly below the Planck scale. At
low energies, well after the inflationary period, the dynamical properties of the vacuum are
6 The general case for higher order powers of the Hubble rate, Hn+2 (n > 2), is studied in the Appendix.
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fully controlled by ν. The latter thereby plays the role of the observational running vacuum
parameter for the current universe, see Sec. IVB. Needless to say, for ν = α = 0 we recover
the standard ΛCDM model with no dynamical evolution of the vacuum.
Remarkably, the possible dynamical evolution of the vacuum and hence the departure
from the rigid Λ =const. picture of the ΛCDM can be motivated on fundamental grounds.
Apart from its possible connection to QFT in curved spacetime in different frameworks [63–
65] – see also [66] for a review – it has recently been shown that the presence of the term
H4 in the effective expression of the vacuum energy density, Eq. (IV.2), can be the generic
result of the low-energy effective action based on the bosonic gravitational multiplet of string
theory, see [68]. The unavoidable presence of the (CP-violating) gravitational Chern-Simons
term associated with that action turns out to lead to an effective ∼ H4 behavior when
averaged over the inflationary spacetime, in the presence of primordial gravitational waves.
This higher order term triggers inflation within the context of the RVM, see Sec. IVC.
In the early universe, before and during inflation, it is assumed that only fields from the
gravitational multiplet of the string exist, which implies that the relevant bosonic part of
the effective action pertinent to the dynamics of the inflationary period is given by [68]
SeffB =
∫
d4x
√−g
[
− 1
2κ2
R +
1
2
∂µb ∂
µb+
√
2
3
α′
96 κ
b(x)Rµνρσ R˜
µνρσ + . . .
]
. (IV.5)
It involves the usual Hilbert-Einstein term and the Kalb-Ramond (KR) axion field, b(x),
which is coupled to the gravitational Chern-Simons topological density through the string
tension α′. As indicated, such topological term when averaged over the de Sitter spacetime
produces an effective contribution to the vacuum energy density of the form ∼ H4, similar
to the last term in Eq. (IV.2). Let us also remark that, in such a context, one can also
explain matter-antimatter asymmetry as a consequence of gravitational anomalies, since
the latter lead to undiluted KR backgrounds which violate CP-symmetry and lead to the
leptogenesis/baryogenesis scenario. Even though these microscopic details are not of our
main concern here, they may play an important role for the completion of the RVM picture
of the cosmological evolution. We refer the reader to Ref. [68] for the technical details and
specialized references, and to [69] for a summary of the underlying framework. Here we will
focus only on the thermodynamical aspects of the cosmic evolution with a vacuum energy
density of the form (IV.2) containing both the H4 and H2 dynamical components. After
inflation has taken place and H ≪ HI , the H2 term of the vacuum energy density (IV.2)
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takes its turn and provides the main dynamical behavior of the vacuum energy density. In
the next section we describe such behavior, which comprises also the evolution at the present
time. Taken together, it suggests that the entire history of the universe can be described
in an effective RVM language upon starting from the (bosonic part of the) effective action
of string theory based on the massless gravitational multiplet. We, therefore, think that
the RVM is worthy of a detailed discussion of its phenomenological implications, and in
particular of its thermodynamical properties.
B. RVM for the current universe
Obviously, the presence of the O(H4) terms in the vacuum energy density (IV.2) can have
an influence in the early universe (mainly during inflation), as it will be shown in the next
section. However, for the post-inflationary universe we can set α = 0, as the constant term
c0 and the dynamical component O(H2) suffice. Therefore, for the analysis of the current
observations one can take the simplified form
ρΛ(H) =
3
κ2
(
c0 + νH
2
)
= ρΛ0 +
3ν
κ2
(H2 −H20 ), (IV.6)
where we have normalized such that the quantity ρΛ(H0) = ρΛ0 ≡ Λ/κ2 = (3/κ2)(c0+ νH20 )
is just the current value of the vacuum energy density. The coefficient c0 is therefore related
to the ordinary cosmological parameters as follows:
c0 = H
2
0 (ΩΛ0 − ν) , (IV.7)
where ΩΛ0 = ρΛ0/ρc0, with ρc0 = 3H
2
0/(8πG) the present critical density. The above formula
is the canonical implementation of the RVM for the present universe and it shows that it
predicts a certain degree of dynamics for the vacuum energy density provided |ν| is small but
not negligible, what is corroborated by the fitting values to the latest observations, where
one finds ν ∼ 10−3 – see e.g. [82–84].
We can perform now the following thermodynamic considerations concerning the vacuum
energy density evolution in the RVM around our time The non-relativistic matter part of
(III.4) can be written as a differential equation in the scale factor as follows 7:
ρ′m(a) +
3
a
(1 + w) ρm(a) = −ρ′Λ . (IV.8)
7 As always, prime indicates differentiation with respect to the scale factor, and we use the chain rule
d/dt = aHd/da
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We can set w → wm = 0 in it since we treat non-relativistic matter strictly as dust. From the
vacuum energy density (IV.6) we have ρ′Λ(a) = (3ν/κ
2)dH2/da, and so using Friedmann’s
equation (III.6) we obtain ρ′Λ(a) =
ν
1−ν ρ
′
m(a). This allows us to rewrite the conservation
law (IV.8) as a differential equation involving only the matter density:
ρ′m(a) + 3
1− ν
a
ρm(a) = 0 . (IV.9)
Its solution reads
ρm(a) = ρm0 a
−3(1−ν) . (IV.10)
Similarly, when radiation is dominant we replace ρm → ρr and w → wr = 1/3 in Eq. (IV.8),
and the solution reads
ρr(a) = ρr0 a
−4(1−ν) . (IV.11)
Quite obviously, for ν → 0 the above conservation equations reduce to the standard ones.
Let us now consider the evolution of the vacuum energy density for nonrelativistic matter.
Upon inserting (IV.10) in (IV.8) and integrating we find explicitly the vacuum energy density
as a function of the scale factor in the matter-dominated epoch:
ρΛ(a) = ρΛ0 +
ν ρm0
1− ν
(
a−3(1−ν) − 1) . (IV.12)
We may now compute the interaction source Q between matter and vacuum from equations
(IV.10) and (IV.12) in the matter-dominated epoch. Using any of these expressions in
Eq. (III.9), we consistently find
Q = 3νH ρm . (IV.13)
We see that the RVM solution corresponds to an specific interaction source between matter
and vacuum of the kind (III.10), in contrast to other DVM’s where it is assumed merely in an
ad hoc manner. In other words, for the RVM the form of Q appears automatically from the
structure of the vacuum energy density evolution in that model or that of the corresponding
matter energy density. The interaction source Q being proportional to ν is responsible for
the tiny anomaly (|ν| ≪ 1) in the matter conservation law (IV.10) and at the same time
allows the vacuum energy density (IV.12) to evolve with the expansion. From the previous
energy density formulas and Friedmann’s equation (III.6) we find the corresponding Hubble
function in the current epoch:
H2(a) = H20
[
1 +
Ωm0
1− ν
(
a−3(1−ν) − 1)] = H20
1− ν
[
Ωm0a
−3(1−ν) + ΩΛ0 − ν
]
, (IV.14)
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where Ωm0 = ρm0/ρc0. For ν = 0 we recover once more the standard Hubble function of the
ΛCDM. Notice that the sum rule for spatially flat geometry reads as in the standard case:
Ωm0 + ΩΛ0 = 1, i.e. it does not depend on ν.
C. RVM for the early universe
We shall now review the situation for the early universe. In those times the dominant
components of the universe were mainly relativistic (photons, neutrinos and any other par-
ticle that becomes relativistic at very high temperature). This feature is common to both
the ΛCDM and the RVM. However, in contrast to the former, for the latter it is the vacuum
state which dominates at the very beginning. In fact, for the RVM there is no matter or
radiation at the initial state, just vacuum energy. The huge amount of vacuum energy exist-
ing at that time triggers inflation and then decays into (relativistic) matter, so the universe
became quickly populated by relativistic particles. We can confirm this picture by solving
explicitly the cosmological equations [70]. We start from Eqs. (III.6) and (III.7) written as
follows:
3H2 = κ2(ρr + ρΛ(H)) (IV.15)
3H2 + 2H˙ = κ2(ρΛ(H)− 1
3
ρr). (IV.16)
Here ρΛ(H) is the vacuum energy density given in (IV.2). At this early stage of the universe,
we can neglect the constant term c0 in that expression as it plays a role only in the late
time universe, as shown in the previous section. In contrast, we must keep now the ∼ H4
term, which is irrelevant in the late epochs but becomes the chief contribution early on. In
order to get the expressions for ρr(a) and ρΛ(a) as functions of a, we can solve for H(a)
in advance. Substituting (IV.2) with c0 = 0 in Eqs. (IV.15) and (IV.16), we arrive at a
differential equation for H(a):
H˙ + 2H2 = 2(νH2 + α
H4
H2I
) . (IV.17)
Using H˙ = aHH ′, the solution of the Hubble rate in terms of a is easily found to be
H(a) =
√
1− ν
α
HI√
1 +Da4(1−ν)
, (IV.18)
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where D > 0 is a positive constant since H must decrease with the expansion. The sign of ν
is unimportant at this stage, but as we shall see we must have |ν| ≪ 1. The initial value of
the Hubble rate, H(0) =
√
1−ν
α
HI ≃ HI/
√
α, is larger than HI . Most important, it is finite
and hence there is no singular initial point. To insure this, it is indispensable that α > 0.
Notice, however, that the limit α → 0 of the solution (IV.18) is not defined. The reason
is that in this limit no non-singular solution of Eq. (IV.17) can exist at a = 0, except the
trivial one (H = 0), as can be easily checked. In other words, it is only when the term H4 is
present, and carrying a positive coefficient, that nonsingular solutions to that equation can
exist. The generalization to Hn+2 (n ≥ 1) can be found in the Appendix.
With the above found expression for H(a), we find from (IV.15) and (IV.16) the explicit
forms of ρr and ρΛ as a function of the scale factor:
ρr(a) =
3H2I (1− ν)2Da4(1−ν)
κ2α(1 +Da4(1−ν))2
(IV.19)
and
ρΛ(a) =
3H2I (1− ν)
(
1 + νDa4(1−ν)
)
κ2α (1 +Da4(1−ν))2
. (IV.20)
Once more we see that the condition α > 0 is essential for the meaningfulness of these
expressions. The bulk of the decaying process of vacuum into radiation is indeed controlled
by the H4-term (with coefficient α), whereas the effect of H2 (whose coefficent is ν) is
subleading at this stage8. Let us now verify the announced results. First, we note that
the above energy densities are well defined at a = 0, which corroborates that there is no
initial singularity. Second, we confirm that ρr(a = 0) = 0 and ρΛ(0) ≃ 3H2I /(κ2α) >
ρΛ(a) for all a > 0 (i.e. we have no radiation energy in the beginning while we have
maximum, finite, vacuum energy density at that point. Subsequently, for small values of a
(i.e. in the very early stages), the radiation density increases fast (specifically as ∼ a4(1−ν)).
The increase in the radiation density is brought about by the corresponding decay of the
vacuum into radiation, but the density of the vacuum state is huge to start with and remains
essentially constant in the beginning, which is responsible for a short period of very fast
inflation. Third, upon further increase of the scale factor we meet a crucial point a = aeq
where the two densities (of vacuum and radiation) equalize, ρΛ(aeq) = ρr(aeq), and from
8 In fact, we could set ν = 0 to describe most features of the early universe, but as we shall see for some
others it is convenient to track its exact dependence, so we shall keep the ν-dependence only throughout
the main formulas unless stated otherwise.
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here onward they both start decaying 9. However, the radiation density remains always
dominant since for sufficiently large a the two densities decay as ∼ a−4(1−ν) but the vacuum
density carries an additional factor of ν. Thus, the post-inflationary vacuum remains always
suppressed, |ρΛ(a)/ρr(a)| ∝ |ν| ≪ 1, and it cannot jeopardize at all any of the basic features
characterizing the standard radiation-dominated epoch in the ΛCDM. Therefore, after the
inflationary epoch has been terminated the running vacuum universe smoothly transits into
the standard concordance picture of the cosmic evolution.
Note that the parameter D in the above equations only appears in the coefficient of
a4(1−ν), so D can be eliminated after rescaling a at a relevant point. It is natural to use the
aforementioned equality point aeq. Thus, according to this definition, we can determine aeq
in terms of the parameters D and ν, and by inverting such relation we can eliminate D in
terms of aeq, with the result:
D =
1
1− 2ν a
−4(1−ν)
eq ≡ a−4(1−ν)∗ , (IV.21)
where we have defined a∗; obviously a∗ is essentially equal to aeq since |ν| ≪ 1 but it is more
convenient to use the former since the formulas simplify. Therefore we may call sometimes
a∗ also the vacuum-radiation equality point. Using the above relation in the Hubble function
(IV.18) we can reexpress it in a more compact form as follows:
H(aˆ) =
H˜I√
1 + aˆ4(1−ν)
, (IV.22)
where we have defined the rescaled scale factor
aˆ ≡ a
a∗
, (IV.23)
and for convenience we have also defined a rescaled HI :
H˜I =
√
1− ν
α
HI . (IV.24)
Similarly, we can rephrase Eqs. (IV.19) and (IV.20) in a more convenient way in terms of
the rescaled scale factor aˆ:
ρr(aˆ) = ρ˜I(1− ν) aˆ
4(1−ν)
[1 + aˆ4(1−ν)]2
(IV.25)
9 The very early point aeq should not be confused with the equality point between radiation and nonrela-
tivistic matter, which we may call aEQ. Of course, we must have aeq ≪ aEQ, see later on.
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and
ρΛ(aˆ) = ρ˜I
1 + νaˆ4(1−ν)
[1 + aˆ4(1−ν)]2
. (IV.26)
In conjunction with (IV.24) we have defined ρ˜I , which is related to H˜I through the
Friedmann’s-like relation:
ρ˜I =
3
κ2
H˜2I . (IV.27)
As we can see from (IV.26), the value of ρ˜I is nothing but the vacuum energy density at
a = 0: ρΛ(0) = ρ˜I , hence at the beginning of the inflationary epoch.
We can derive the numerical order of magnitude of aeq ≃ a∗ as follows. In the asymptotic
limit aˆ≫ 1 (i.e. a≫ aeq), the radiation density (IV.25) behaves as
ρr(a) = ρ˜I(1− ν)aˆ−4(1−ν) = ρ˜I(1− ν)a4(1−ν)∗ a−4(1−ν) . (IV.28)
This is the usual behavior of radiation, ρr(a) ∼ ρr0a−4(1−ν), up to a tiny correction in ν,
which we already found in Eq. (IV.11). So both equations must be the same because both
must reproduce the same radiation density at present (a = 1), which we denoted ρr0. The
current radiation contribution to the total energy budget is known, Ωr0 = ρr0/ρc0 ∼ 10−4,
where ρc0 ∼ 10−47 GeV4 is the critical density in natural units. On the other hand the
energy density at the inflationary period must be of order of the GUT one, ρ˜I ∼ M4X , with
MX ∼ 1016 GeV the typical GUT scale. Therefore, we find (neglecting the numerical effect
of |ν| ≪ 1):
aeq ≃ a∗ =
(
Ωr0
ρc0
ρ˜I
) 1
4(1−ν)
≃
(
10−4
10−47
1064
)1/4
∼ 10−29 . (IV.29)
Needless to say we cannot provide an exact numerical value of a∗ since it is model-dependent
(e.g. it depends on the exact value of ρ˜I associated to a given GUT) and moreover one cannot
reach the vacuum-radiation equality point assuming that the evolution is always within the
radiation epoch; nonetheless the procedure provides an order of magnitude estimate [67].
Recall that the equality point between radiation and nonrelativistic matter is much later,
aEQ ∼ 3 × 10−4, so indeed we have found aeq ≪ aEQ, as expected. Later on in our
discussions about the entropy of the early universe (cf. Sec. VI), we will see the convenience
of introducing such vacuum-radiation equality point.
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V. PARTICLE AND ENTROPY PRODUCTION IN COMOVING VOLUME:
CURRENT UNIVERSE
In the following we study particle and entropy production in the presence of dynamical
vacuum. We illustrate it first using the RVM studied in Sec. IV for the current universe. In
this case the matter particles are nonrelativistic, say with mass m, and its number density
is related to the energy density through ρm = mn. The anomalous matter conservation law
(IV.10) can be interpreted in different ways. One possibility is that n does not precisely
follow the normal dilution law with the expansion, i.e. n ∼ a−3, but the anomalous law:
n(a) = n0 a
−3(1−ν) (at fixed particle mass m = m0) (Scenario A) . (V.1)
But another possibility is to interpret that the particle masses m do not stay constant with
time and hence that they mildly scale with the cosmic evolution:
m(a) = m0 a
3ν (with normal dilution n(a) = n0 a
−3) (Scenario B) . (V.2)
Either one of these options can apply to all particles or to some particular species, for
example to dark matter (DM) particles, which are the most abundant and therefore the
impact can be largest. Here, we essentially focus on Scenario A since we mainly study the
entropy production through the change in the number of particles from vacuum decay. In
fact, during the expansion a certain number of particles are lost into the vacuum, if ν < 0;
or ejected from it (through vacuum decay), if ν > 0. We wish to study which one of these
possibilities is more favored by thermodynamics.
Within Scenario A we find the following. First we formulate the balance equation (II.4)
for the number density of particles in terms of the scale factor rather than the cosmic time:
n′(a) +
3
a
n(a) =
Γ
Ha
n(a) . (V.3)
Substituting (V.1) in (V.3) it is easy to find
Γ = 3ν H , (V.4)
where H is given by Eq. (IV.14) for the current universe. This means that the particle
production rate is entirely determined by the index ν and the expansion rate H , which is
not surprising given the fact that such index controls the very evolution of the vacuum energy
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density (see Eq. (IV.12)). The latter implies, for ν > 0, that such density decreases with the
expansion (as it decays into particles). It is consistent with Eq. (V.4), which is telling that
the particle production rate is positive in such case. We can readily crosscheck the result
(V.4) taking Eq. (III.13) as a starting point. In the matter-dominated epoch (wm = 0) we
may confirm from Eqs. (IV.10) and (IV.12):
Γ =
−ρ˙Λ(t)
(1 + wm)ρm
=
−ρ′Λ(a) aH
ρm(a)
=
−3(1− ν) ν ρm0 a−3(1−ν)H
(1− ν) ρm0a−3(1−ν) = 3ν H . (V.5)
Mind that (III.13) holds for σ˙ = 0. Thus, applying now Eq. (II.31) we find that the entropy
rate evolves as S˙m/Sm = 3νH or equivalently S
′
m/Sm = 3ν/a, where the subindex m denotes
entropy associated to nonrelativistic matter particles. Therefore, the entropy increases for
ν > 0 and decreases for ν < 0, which is once more consistent with the sign of the particle
production rate in (V.4). Integrating, we find
Sm(a) = Sm0a
3ν , (V.6)
where Sm0 = n0σ is the current (a = 1) entropy of matter particles per comoving volume.
The derivatives of (V.6) are simply
S ′m(a) = 3νSm0a
3ν−1 , S ′′m(a) = 3ν(3ν − 1)Sm0a3ν−2 . (V.7)
Because σ˙ = 0 is assumed here, and owing to |ν| ≪ 1 it follows from (V.7) that only for ν > 0
we can achieve both S ′m ≥ 0 (Second Law) and S ′′m < 0 (LTE). These are the basic couple
of thermodynamic conditions (II.34) insuring that the system (in this case the universe)
is driven to a final state close to thermodynamic equilibrium. One can easily check that
the previous results (V.5)-(V.7) hold good also for vacuum decaying into radiation in the
immediate post-inflationary epoch, i.e. when ρr ∝ a−4(1−ν), although for the current universe
one mainly focus on vacuum decay into DM particles. We conclude that in the context of
running vacuum models, and for constant specific particle entropy, the only sign for ν which
is compatible with the basic thermodynamic postulates is ν > 0. It warrants a situation of
vacuum decay into particles with an associate increase of entropy until practically reaching
thermodynamic equilibrium. The latter could be strictly achieved if we were eventually
having S ′m = 0 and S
′′
m < 0 [100]. Strictly speaking, however, it is never completely reached
since S ′m(a) stays positive and decreases more and more, but it never vanishes. Equilibrium
is nevertheless approached in an asymptotic way. Interestingly enough, the recent and
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successful confrontation of the RVM against the overall cosmological data show that these
models are competitive with those from the ΛCDM; and they render ν ∼ 10−3 > 0 as the
characteristic order of magnitude of the running vacuum parameter [77–84].
We note that the result (V.6) can also be expected from the fact that the total entropy
of the matter particles in the comoving volume a3 must be equal to the total number of
material particles in it times the specific entropy per particle, σ, which we assume constant
in this case. That is to say, Sm = Nσ = na
3σ. Since n is given by (V.1) we find once
more Sm = n0σa
3ν ≡ Sm0a3ν . Alternatively, the same conclusion could be achieved if in the
previous equation we would associate the evolving factor a3ν to σ rather than to n, namely
σ = σ0a
3ν . This last case could be considered a particular implementation of Scenario B –
cf. Eq. (V.2) – in which the entropy evolution is ascribed to the particles themselves and
not to their increasing number.
Finally, consider another application of Eq. (V.4) above. If we combine it with Eq (II.32)
in the context of the (nonrelativistic) matter-dominated epoch, where in the source function
we have ρ = ρm, we find
ρ˙+ 3Hρ = 3νH ρm . (V.8)
The above equation takes the form of the interaction source given in Eq. (IV.13). Depending
on the model, ρ in the source function could just be the cold dark matter part, i.e. ρ = ρcdm.
However we still keep the full matter density ρ on the l.h.s of (V.8). Its final form will depend
on the assumptions that are made on the conservation of baryons (ρb) and cold dark matter
(ρcdm). If e.g. baryons are assumed to be conserved (ρ˙b + 3Hρb = 0), then ρ on the l.h.s of
(V.8) would be ρcdm (exactly as on the r.h.s) i.e. just the cold DM component. However, we
shall not adopt any of these particular scenarios, which do not affect our thermodynamical
analysis. Retaking our line of thought with Eq. (V.8), we note that if we now take both the
contribution from non-relativistic (ρm) and relativistic (ρr) matter on the r.h.s. of (II.32)
we find
ρ˙+ 3Hρ = νH (3ρm + 4ρr) , (V.9)
where we have used pr = ρr/3 for the relativistic component. This form of the interaction
source adapts once more to the general formula (III.10), and it was considered e.g. in
[83]. The differences in the above scenarios can have an impact for the description of the
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cosmological observations, but do not affect the kind of thermodynamical considerations
that we are analyzing, which bare relation with the long term evolution of the entropy in
the universe.
VI. PARTICLE AND ENTROPY PRODUCTION IN COMOVING VOLUME:
EARLY UNIVERSE
In this section, we shall deal with particle production and the corresponding entropy
in the early universe. Upon a straightforward calculation from Eq. (III.13) combined with
Eqs. (IV.25) and (IV.26) we find the expression for the particle production rate:
Γ(aˆ) = −3
4
ρ˙Λ
ρr
= 3H˜I
2− ν + ν aˆ4(1−ν)
[1 + aˆ4(1−ν)]
√
1 + aˆ4(1−ν)
> 0, (VI.1)
where we have used wr = 1/3 (as in this stage vacuum decays into relativistic particles) and
the rescaled quantities (IV.23) and (IV.24). Thus, we see that the particle production rate
is positive and remains approximately constant (as the vacuum energy density itself) in the
initial stages aˆ ≪ 1. It acquires a very large value, Γ ≃ 6H˜I , since H ≃ H˜I itself is very
large in the early universe. For aˆ≫ 1, however, it behaves as
Γ(aˆ≫ 1) ≃ 3ν H˜I√
1 + aˆ4(1−ν)
= 3νH, (VI.2)
where we have used (IV.22). Thus, in such limit the above expression takes on the form we
had found previously, cf. Eq. (V.4), which was expected since such relation is presumably
active in our epoch within the context of the RVM. As we can see, Γ eventually becomes
much smaller than H˜I and proportional to a rapidly decaying expansion rate (H ∼ H˜I aˆ−2)
times the coefficient ν. As it turns out, the ν parameter, despite it being small, is relevant
in this case since it controls the asymptotic limit of the particle production rate, and for
ν > 0 it insures that the vacuum continues (mildly) decaying into particles even in the
post-inflationary era.
Let us now compute the radiation entropy of the produced relativist particles. We know
that their energy density increases as the fourth power of the temperature, and their number
density and entropy increase as the cubic power of the temperature. More specifically, the
corresponding energy density reads as follows:
ρr =
π2
30
g∗T
4
r . (VI.3)
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Here we have included the usual factor g∗ counting the total number of effectively massless
degrees of freedom [14]. It follows that the radiation temperature is related with the radiation
density as
Tr =
(
30
π2g∗
)1/4
ρ1/4r = T˜I (1− ν)1/4
aˆ(1−ν)
[1 + aˆ4(1−ν)]1/2
. (VI.4)
In the previous equation, we have associated a temperature T˜I to the density ρ˜I following
the same scheme as in (VI.3):
ρ˜I =
π2
30
g∗ T˜
4
I . (VI.5)
This is merely a convenient definition. The physical quantity is the vacuum energy density
at the beginning of inflation, ρ˜I . The radiation entropy in the comoving volume V = a
3
obtains from the standard expression Sr(aˆ) =
pr+ρr
Tr
a3 = 4
3
ρr
Tr
a3, where we assume that the
evolution is around equilibrium and hence we do not consider the chemical potentials in
Eq. (II.12). With the help of Eqs (IV.25) and (VI.3) or (VI.4), and the above definitions,
we can express the radiation entropy for the RVM in the following alternative ways:
Sr(aˆ) =
2π2
45
g∗T
3
r a
3 =
4
3
(
π2g∗
30
)1/4
ρ3/4r a
3 =
4ρ˜I
3T˜I
f(aˆ) a3∗ =
2π2
45
g∗ T˜
3
I a
3
∗ f(aˆ) , (VI.6)
where we have defined the function
f(aˆ) = (1− ν)3/4 aˆ
6−3ν[
1 + aˆ4(1−ν)
]3/2 . (VI.7)
In Fig. 1 we plot the evolution of the radiation entropy (VI.6) normalized to its value at the
vacuum-radiation equality point (IV.23), i.e. the ratio Sr(aˆ)/Sr(aˆ = 1). We observe that
the raising of the entropy is very fast in the beginning and then it saturates. We can see
from the behavior of the function (VI.7) that the fast raising of the entropy in the initial
stages when a ≪ a∗ (i.e. aˆ ≪ 1) is as Sr ∼ aˆ6−3ν . But after we leave behind the equality
point a∗ and enter deep into the radiation epoch (i.e. when aˆ ≫ 1) the raise of entropy
levels off and saturates to an asymptotic value:
Sr(aˆ≫ 1) ≃ 2π
2
45
g∗ T˜
3
I a
3
∗(1− ν)3/4aˆ3ν ≡ Sr0aˆ3ν , (VI.8)
where we have used the asymptotic form of function (VI.7):
f(aˆ≫ 1) ≃ (1− ν)3/4 aˆ3ν , (VI.9)
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FIG. 1. Evolution of the radiation entropy in the comoving volume V = a3 in the early universe, see Eq. (VI.6). Notice that
the results have been normalized with respect to the value at aˆ = 1 (corresponding to vacuum-radiation equality, see the text).
Four different values of the parameter ν are considered in the plots: ν = 0.1 (red solid), ν = 0.01 (black dotted), ν = 0.001
(green dash-dotted), and ν = 0.0001 (blue dashed). The inner figure of the upper plot magnifies the region around aˆ = 0,
where the raising of the curve is faster. The lower plot is made in bilogarithmic scale and displays the saturation plateau,
which is strict only for ν = 0. However, for ν 6= 0 the saturation is not perfect owing to the asymptotic behavior (VI.9) of
function (VI.7), which is not exactly a constant. However, among the four cases considered only for ν = 0.1 (the largest value)
the departure becomes manifestly visible. See more explanations in the text.
valid for large values of the scale factor well after the equality point between vacuum and
radiation. In the above limit, Eq. (VI.6) tells us that g∗T 3r a
3 = g∗ T˜ 3I (1− ν)3/4a3(1−ν)∗ a3ν , or
in other words, g∗T 3r a
3 ∝ a3ν . If g∗ does not change in the considered interval of cosmic
evolution, we find
Tra
1−ν = const. (a≫ a∗) . (VI.10)
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This result is similar to the usual scaling law of the radiation temperature up to a ν-correction
in the power of the scale factor. In practice, for sufficiently small values of ν we have the
usual law Tra =const and we can approximate (X.13) by a constant asymptotic limit as
follows (except for very large values of aˆ):
Sr(aˆ≫ 1)→ S∞ ≡ 2π
2
45
g∗ T˜
3
I a
3
∗ , (VI.11)
and in the same limit
Sr(aˆ≫ 1)
Sr(aˆ = 1)
→ 1
f(1)
= 23/2 ≃ 2.83 . (VI.12)
This saturation plateau can be easily recognized in Fig. 1 for the smallest values of ν con-
sidered there (ν = 10−3, 10−4). These are the more realistic ones. In fact, after comparing
the RVM at low energies with the cosmological data, one finds a typical fit value of ν in the
ballpark of ν ∼ 10−3 [82–84]. For ν = 0.01, and specially for ν = 0.1, instead, the deviation
from the saturation value can be significant. It can be seen perfectly well in Fig. 1 (red
curve).
But there is more to say concerning Fig. 1. We can see by simple inspection that the
radiation entropy generated in the RVM context does indeed satisfy the Second Law of
Thermodynamics in any comoving volume. This is confirmed from the fact that the time-
and scale factor-evolution of the entropy is a curve that starts convex (S ′ > 0; S ′′ > 0) but
becomes concave (S ′ > 0; S ′′ < 0) around aˆ = 1. In other words, it is a raising curve with
a slope initially increasing with the expansion (S ′′ > 0), but then at around the time of
vacuum-radiation equality there is an inflexion point where the curve keeps on increasing
but more moderately, as its slope starts decreasing with the expansion (S ′′ < 0). It follows
that beyond such inflexion point the two conditions for the fulfillment of the Second Law
(S ′ > 0 and S ′′ < 0) are warranted, see Sec. II and in particular Eq. (II.34).
The behavior of the entropy curve in Fig. 1 is consistent with the Second Law and the
LTE. Let us, however, verify it through an explicit analytical computation. The first and
second derivatives of (VI.6) can be taken with respect to the rescaled scale factor aˆ. As for
the first derivative, we find
S ′r(aˆ) =
2π2
15
g∗ T˜
3
I a
3
∗
f(aˆ)
aˆ
2− ν + ν aˆ4(1−ν)
1 + aˆ4(1−ν)
, (VI.13)
where f(aˆ) is the previously defined function (VI.7). The second derivative can be written
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FIG. 2. Function χ(aˆ) defined in (VI.15). As in Fig. 1. four cases of the parameter ν are presented in the plots: ν = 0.1
(red solid), ν = 0.01 (black dotted), ν = 0.001 (green dash-dotted), and ν = 0.0001 (blue dashed). The intersections of these
lines with the horizontal coordinate are the inflexion points beyond which S′′ < 0. When ν ≪ 1, the value of ν has little effect
on these points, which then lie at aˆ ∼ 1. This means that when a & a∗ the second derivative of the radiation entropy starts to
be negative.
in the following compact form:
S ′′r (aˆ) =
2π2
15
g∗ T˜
3
I a
3
∗
f(aˆ)
aˆ2
χ(aˆ)[
1 + aˆ4(1−ν)
]2 , (VI.14)
where we have defined
χ(aˆ) = (5− 3ν)(2− ν)− 2(5− 14ν + 7ν2)aˆ4(1−ν) − ν(1− 3ν)aˆ8(1−ν) . (VI.15)
It is not difficult to judge the sign of the first derivative of Sr(aˆ) from the expression (VI.13)
if we take into account that 0 < ν ≪ 1. For any aˆ we have S ′r(aˆ) > 0, which meets the first
requirement of the Second Law of Thermodynamics. On the other hand to judge the sign of
S ′′r (aˆ), note that in Eq. (VI.14), all items, except χ(aˆ), are positive definite. From (VI.15)
we easily see that the sign of χ(aˆ) is positive, and approximately constant, for small aˆ, but
subsequently χ(aˆ) decreases and eventually changes sign. Obviously, the inflexion point aˆi
can be exactly determined from the root of the function χ(aˆ), i.e. χ(aˆi) = 0. For |ν| ≪ 1 it
is clear that aˆi ≃ 1 since the first and second terms on the r.h.s. of (VI.15) almost cancel
each other at aˆ ≃ 1 while the third term is negligible (again owing to |ν| ≪ 1). The plot of
χ(aˆ) is shown in Fig .2.
From the above considerations we can draw the following conclusions: when aˆ tends to
zero, S ′′r (aˆ) is positive (but finite), and as soon as aˆ increases it can be anticipated that there
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exists an inflexion point aˆi near 1 (whose precise value depends on ν), beyond which S
′′
r (aˆ)
becomes negative.
The above discussion is all about the very early universe. Usually, for this stage we only
require the evolution of the radiation entropy to satisfy the first condition associated to the
Second Law (S ′r(aˆ) > 0), and we may need not impose the second condition (S
′′
r (aˆ) < 0),
which is the one that anticipates an eventual state of thermodynamic equilibrium. So for the
early universe, even though S ′′r (aˆ) is positive, we can still accept it as being reasonable, at
least for a certain period. As we shall see, such temporary convexity property of the entropy
function is actually necessary if the RVM is to solve the entropy problem of our universe.
The rampant growth of radiation entropy in the beginning, which follows a high power of
the scale factor, S ∼ aˆ6 (we neglect here the small ν-correction in such power), is sustained
until the saturation value (VI.11) is attained, i.e. until it reaches the plateau level in Fig. 1.
This fact insures that the accumulated amount of entropy per comoving volume generated
from the rapid vacuum decay in the very early universe is transmitted without loss to our
days, thus solving the entropy and horizon problems within the RVM. This is impossible,
of course, in the ΛCDM (see Sec. VIID for more details). Once such early period of frantic
entropy production has passed, a consistent description can be obtained because S ′′r (aˆ) turns
negative at some point. The existence of such inflexion point insures that thermodynamical
equilibrium will be eventually achieved. We have seen that such point always exists and it
is close to the vacuum-radiation equality point aeq ≃ a∗ (see Fig. 2). In the next section, we
reconsider the growth of entropy when we replace the comoving volume with the apparent
horizon, by considering both its interior and its surface. It is believed that the use of the
apparent horizon rather than the comoving volume is more natural for the physical consi-
derations, but it requires a generalization of the Second Law of Thermodynamics and hence
a conceptual change that must be ultimately checked observationally. As we shall see, the
theoretical differences that appear in this new thermodynamical approach are remarkable.
VII. VACUUM DYNAMICS AND THE GENERALIZED SECOND LAW
A. Cosmic horizons and entropy
In the previous sections, we have dealt with the entropy production in the early and late
universe by considering the comoving volume V = a3. However, the modern thermodynamic
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formulation of the expanding universe usually involves the Generalized Second Law (GSL)
of thermodynamics, in which one takes the horizon rather than the scale factor as the char-
acteristic length, and then one considers the evolution of both the entropy of radiation and
of the matter particles inside the horizon (i.e. the volume entropy SV inside it) together with
the area contribution from the horizon itself (i.e. the horizon entropy SA). The GSL was first
formulated for black holes by Bekenstein and Hawking [109, 110] after they discovered that
black hole horizons have entropy and temperature associated with them. This paved the
way for a complete thermodynamical formulation of black holes. Later on these ideas were
extended to the case of cosmological horizons [36, 111]. On the other hand such considera-
tions bare relation with the subsequent formulation of the holographic principle [112, 113], in
particular the possible deep connection between gravitation and thermodynamics [114, 115].
See also [116] for a review.
However, what is meant by horizon here? The subject of cosmological horizons was
confusing until it was clarified by W. Rindler in a classic paper on the subject, where he
distinguished between event and particle horizons [117] — see also his book [118]. In fact,
this is a nontrivial issue, which we shall briefly summarize here but we address, of course,
the reader to the aforesaid references for more details. In some holographic formulations
the horizon is understood as particle horizon, namely the visible region of the universe for
a comoving observer at a given time:
ℓp(a) = a
∫ t
ti
dt
a(t)
= a
∫ a
0
da′
a′2H(a′)
, (VII.1)
where ti is the initial instant of time where the scale factor vanishes: a(ti) = 0; for example,
ti = 0, but we can also have ti = −∞ (de Sitter phase). The notion of particle horizon is
particularly useful when we are dealing with causality issues (cf. Sec.VIID). If the universe
has always been in decelerated expansion (radiation and matter dominated epochs), it does
have a particle horizon (i.e. ℓp is finite). If, however, the universe starts from an accelerated
period, then it no longer has particle horizon (since ℓp =∞).
We can also consider the complementary concept of event horizon, which is the boundary
of the spatial region to be seen by the comoving observer, namely
ℓev(a) = a
∫ ∞
t
dt
a(t)
= a
∫ ∞
a
da′
a′2H(a′)
. (VII.2)
This integral diverges for flat and for open FLRW universes with no cosmological constant,
and hence there is no event horizon for them (all future events are eventually accessible).
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In contrast, the integral is finite for the ΛCDM. If a ≫ 1, then ℓev(a) ≃
√
3/Λ ≡ 1/HΛ,
where HΛ is the asymptotic value of H . Thus, for accelerated universes (Λ > 0) there is an
event horizon which prevents to see all future events, but in contrast these universes have
no particle horizon (if the de Sitter phase is also in the early times) and hence they do not
suffer from any horizon problem associated to causality (cf. Sec.VIID).
The above two definitions of horizon are obviously different concepts, the former refers
to our knowledge of events in the past whereas the latter refers to the events in our future.
Still a third definition is highly convenient. For the modern thermodynamic discussion
of the cosmological expansion one actually adopts the so-called cosmological apparent (or
gravitational) horizon, ℓh(t), which is also different from the previous two. For a review, see
e.g. [116] and references therein. It has become more suitable than the event horizon, as the
latter requires one to know the entire future evolution and causal structure of spacetime.
The apparent horizon has also the property that the holography based on it obeys the
First Law of thermodynamics, in contrast to the particle horizon [119]; and moreover there
is natural gravitational entropy associated with it, as shown by the original Bekenstein-
Hawking definition for the case of black holes and its generalization to cosmological horizons.
It turns out that the apparent horizon is the largest admissible holographic surface for these
entropy considerations [120]. Thus, apparent horizons are generally considered more suited
for thermodynamic discussions than event or particle horizons [116, 119–127].
The apparent horizon has a precise topological interpretation [119, 128, 129], namely a
two-dimensional surface for which the outgoing orthogonal null geodesics have zero diver-
gence (see below). Technically, the apparent horizon is the surface acting as boundary of the
so-called antitrapped spacetime region r > ℓh (viz. the region where the families of ingoing
and outgoing null geodesics orthogonal to that surface are both divergent, i.e. with positive
expansion parameter θ > 0). In contrast to the Schwarzschild and Kerr black holes, however,
where the apparent horizon is a membrane separating causally connected events from those
that are not (as a permanent event horizon), the universe has an apparent horizon which is
not static but time-dependent, ℓh(t).
Specifically, for FLRW universes with nonvanishing spatial curvature k the expression for
the apparent horizon is the time-evolving quantity [119]
ℓh(t) =
1√
H2(t) + k/a2(t)
. (VII.3)
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This expression can be easily derived by noting that the FLRW metric with spatial curvature
k can be written as
ds2 = −dt2 + a2(t)
(
dr2
1− kr2 + r
2dΩ2
)
, (VII.4)
where dΩ2 is the line element of the unit 2-sphere. For k = 0 we recover the flat space case
(II.1), but let us keep k 6= 0 for the present considerations. The metric (VII.4) can be put
in the alternative way
ds2 = habdx
adxb + r˜2dΩ2 , (VII.5)
in which one defines r˜ = a(t)r and x0 = t, x1 = r, with hab the 2-dimensional metric
hab = diag(−1, a2/(1− kr2)). The apparent horizon, being a trapped surface with vanishing
expansion, is defined in these variables through the null condition hab∂ar˜∂br˜ = 0. Writing
out this expression in the metric (VII.5) it is immediate to obtain the solution of that null
equation, r˜h(t). The radius of the apparent horizon is then ℓh(t) = a(t) r˜h(t). Its explicit
form is just Eq. (VII.3), as can be easily checked.
Physically speaking, we can say that beyond the cosmological apparent horizon all null
geodesics recede from the observer and no information can reach us. For spatially flat
spacetime (k = 0) the apparent horizon boils down to ℓh(t) = dH = 1/H(t), i.e. the
Hubble distance or radius of the “Hubble sphere” (or “Hubble horizon”). The latter is not a
formal new kind of horizon [126], but just the limiting situation of the apparent horizon for
vanishing spatial curvature. Still, the edge of the Hubble sphere/horizon, dH , is the ultimate
lightcone for the observer since in it the galaxies recede at the velocity of light; no event
lying outside the Hubble sphere can ever be observed [130, 131]. When the weak energy
condition is satisfied, though, the apparent horizon coincides with the event horizon or lies
inside it (i.e. in this case generally the event horizon is beyond the apparent horizon) [128].
In the important case of the ΛCDM (where such energy condition is satisfied) the presence
of the cosmological constant term, Λ, is such that the apparent horizon becomes eventually
an event horizon, which then remains constant forever: ℓh = 1/HΛ =
√
3/Λ. In such case,
the apparent horizon agrees with the cosmological event horizon of the de Sitter space (this
is always so for pure de Sitter spaces with k = 0). Furthermore, the apparent horizon has
a very important attribute: it always exist, in contrast to the event horizon (as we have
seen above). In view of the aforementioned properties, we adopt the apparent horizon as
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the basic gravitational horizon for our thermodynamic discussion and it will be henceforth
referred to for short just as horizon, with no further qualifications.
A similar situation occurs for the cosmology in which the vacuum is dynamical. We take
once more as a prototype the RVM with flat space geometry. From Eq. (IV.14) we find that
the horizon in the remote future (a→∞) is
ℓRVMh (∞) =
1
H0
√
1− Ωm0
1−ν
=
1
H0
√
ΩΛ0−ν
1−ν
, (VII.6)
where ΩΛ0 = 1−Ωm0 for spatially flat FLRW metric. Notice that for ν = 0 it reduces to the
the ΛCDM value, ℓΛCDMh (∞) = 1/
(
H0
√
ΩΛ0
)
= 1/
√
Λ/3, as expected. As for the entropy
of the apparent horizon, at any given instant of time of the cosmological evolution, we use
the Bekenstein formula introduced in the aforementioned papers: SA = kBA/(4ℓ2P ), where
kB is the Boltzmann constant (the unit of entropy), A= 4πℓ2h is the area of the horizon, and
ℓ2P = ~/(M
2
P c
3) is the Planck length squared. Roughly speaking, the entropy contribution
SA estimates the number of times the elementary “Planck area” ℓ2P can be fit in the horizon
area. Notice that kB = 1 in natural units, similarly to ~ = c = 1, and in these units the
entropy is dimensionless. Since we continue adopting these units, we have ℓ2P = 1/M
2
P = G
and
SA =
A
4G
= πℓ2hM
2
P = π
M2P
H2
, (VII.7)
where in the last step we stick once more to flat space geometry k = 0, which is the situation
with which we started and the one it will be hereafter maintained.
In the following, we focus on the cosmological evolution of the sum of the volume entropy
inside the horizon and the entropy upon it: S = SV+SA. We wish to ascertain if the RVM is
consistent with the GSL. That is to say, we wish to check if in the transit from the different
epochs of the cosmological evolution the following generalization of the conditions (II.34)
within the GSL hold good or not:
S ′V + S
′
A ≥ 0 , S ′′V + S ′′A < 0 , (VII.8)
where in practice the differentiations will be with respect to the scale factor. For the early
universe we will use the rescaled scale factor aˆ, Eq. (IV.23) (being the most convenient
variable in this case).
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FIG. 3. Evolution of the the horizon entropy SA(a) (see Eq. (VII.9)) and its first and second derivatives, from the current
universe into the future. The upper panel is the ratio SA(a)/SA(a = 1), normalized to its current value. The lower panels
show the first and second derivatives (S′
A
, S′′
A
) with respect to the scale factor, also normalized to the respective values at
present. We can see that the two relations involved in the GSL, Eq. (VII.8), are satisfied (recall that the numerical significance
of SV is comparatively negligible, see the text). We plot these functions for four different values of the parameter ν: ν = 0.1
(red solid), ν = 0.01 (black dotted), ν = 0.001 (green dash-dotted), and ν = 0.0001 (blue dashed).
B. Current universe evolving into the final de Sitter phase
To compute the horizon entropy from Eq. (VII.7), we just need to know the expression
of the Hubble function in each epoch. For the current universe, the Hubble rate of the RVM
is given by Eq. (IV.14). Therefore the horizon entropy is
SA(a) =
πM2P
H20
[
1 + Ωm0
1−ν (a
−3(1−ν) − 1)] . (VII.9)
As we shall see later, it is precisely because of the existence of the horizon entropy that in
the late universe the total entropy in this context (the sum of the particle entropy and the
horizon entropy) can satisfy the GSL (see Eq. (VII.8)). The horizon entropy (VII.9) tends
to a constant when the scale factor increases indefinitely: SA → πM
2
P
(1−ν)
H20 (1−Ωm0−ν)
(see Fig. 3).
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Although we have already calculated the particle entropy in the comoving volume (see
Eq. (V.6)) and discussed its evolution, the particle entropy inside the apparent horizon is
not a simple extension of Eq. (V.6). When there is no particle creation and annihilation,
the number of particles in the comoving volume is conserved, but the number of particles
inside the horizon is not conserved. The volume entropy SV associated to nonrelativistic
(dust) particles under the current horizon can naturally be defined in a similar way as for the
comoving volume. We know from Sec.V that in the latter case we have Sm = Nσ = nσV ,
where V = a3 is the comoving volume and n the number density of particles. In the present
instance, in which we replace the comoving volume with the horizon volume, we define once
more the entropy of the material (nonrelativistic) particles contained in it as the product
of their number density times the specific entropy per particle (σ) times the volume of the
horizon (Vh = (4π/3)ℓ
3
h):
SV = nσVh =
4πσ
3
n ℓ3h =
4πσ
3
n(a)
H3(a)
. (VII.10)
In our case, n is a function of the scale factor given by Eq. (V.1). While for the comoving
entropy we find that Sm = na
3σ = Sm0a
3ν , where Sm0 = n0σ is the current comoving value,
the entropy of the material particles inside the horizon is quite different and is controlled
nontrivially by the Hubble rate rather than by the scale factor. Notice also that whereas
the comoving entropy stays constant for ν = 0 (as there is no vacuum decay into particles
in such case), and remains approximately so for very small ν, the volume entropy inside the
horizon does not stay constant at all, it depends on the Hubble rate and therefore evolves
nontrivially.
Keeping in mind that we are assuming σ˙ = 0 throughout our study, for simplicity we
can just set σ = kB (Boltzmann constant, the unit of entropy), and hence in natural units
σ = 1. Then, taking Eqs. (IV.14) and (V.1) into the volume entropy formula above yields
SV(a) =
4πn0a
−3(1−ν)
3
[
H20
(
Ωm0
1− ν (a
−3(1−ν) − 1) + 1
)]−3/2
. (VII.11)
The total entropy is given by the sum Stotal(a) = SV(a) + SA(a), which is obtained from
Eqs. (VII.9) and (VII.11). Let us now analyze how the total entropy Stotal(a) evolves with
the scale factor when we consider the long time span from the current state of the universe
into the final de Sitter phase. This is of course a very important period to analyze in order
to assess if the long term thermodynamical evolution towards the future is properly satisfied.
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The first and second derivatives of the total entropy, with respect to a, can be found after
straightforward calculations:
S ′total(a) =
(1− ν)2πa3ν−4
H20 [Ωm0a
3(ν−1) +Ψ]2
[
3M2PΩm0 +
2n0
(
Ωm0a
3(ν−1) − 2Ψ)√
H20
(
Ωm0(a3(ν−1)−1)
1−ν + 1
)
]
(VII.12)
and
S ′′total(a) =
−(1− ν)2πa3ν−5
H20 [Ωm0a
3(ν−1) +Ψ]3
[
3M2PΩm0
[
(3ν − 2)Ωm0a3(ν−1) + (4− 3ν)Ψ
]
+
n0
[
(3ν − 1)Ω2m0a6(ν−1) + 2(14− 15ν)Ωm0Ψa3(ν−1) + 4(3ν − 4)Ψ2
]√
H20
(
Ωm0(a3ν−3−1)
1−ν + 1
)
]
, ,(VII.13)
where we have defined the parameter
Ψ = 1− ν − Ωm0 = ΩΛ0 − ν = c0
H20
, (VII.14)
and in the last step we have used Eq. (IV.7). Notice that Ψ ≃ ΩΛ0 ≃ 0.7 because of
the smallness of ν. The positiveness of Ψ is thus secured and it is of relevance for the
subsequent discussion. In order to determine whether the total entropy satisfies (VII.8), we
should keep in mind the order of magnitude of the parameters in the expression for Stotal(a):
0 < ν ≪ 1, Ωm0 ∼ 0.3, H0 ∼ 10−42GeV (in natural units) and n0 > 0.
We first analyze S ′total(a). The prefactor is of course positive and decreasing asymptoti-
cally as ∼ a−4. But the sign of the sum of the terms inside the square brackets must be
considered attentively. The first item in the square brackets is a positive constant, 3M2PΩm0.
The second item becomes negative with the evolution since n0 (Ωm0a
−3 − 2Ψ)→ −2n0Ψ < 0.
Here we only care about whether the expression (VII.12) satisfies S ′total(a) > 0 when a tends
to infinity (which corresponds to the very late universe). It is not difficult to realize that the
limit of the second term is −4n0Ψ
H0
√
1−Ωm0
1−ν
as a → ∞. Thus we need to compare the two terms
in the bracket in the asymptotic limit, i.e. 3M2PΩm0 and
−4n0Ψ
H0
√
1−Ωm0
1−ν
. From the mentioned
order of magnitude of the parameters involved, it is obvious that the following terms are of
order one: 3Ωm0 ∼ 4Ψ√
1−Ωm0
1−ν
∼ 4ΩΛ0√
1−Ωm0 ∼ 4
√
ΩΛ0 = O(1). Therefore, in the end we only need
to compare M2P with
n0
H0
. Using Friedmann’s equation, we have H2 ∼ κ2ρ. If we apply it to
the current time and observe that ρ0 = n0m (where m is the average particle mass), we get
the following estimate of the mentioned ratio:
n0
H0
∼ ρ0
mH0
∼ H0
mκ2
∼
(
H0
m
)
M2P ≪M
2
P , (VII.15)
43
where in the last relation we have taken into account that the current Hubble parameter
expressed in mass units, H0 ∼ 10−42GeV, is much smaller than any known mass in the
universe, i.e. H0/m≪ 1 (except perhaps the mass of a hypothetical quintessence particle),
but in any case much smaller than the average particle mass needed to account for the
current mass density, including of course dark matter particles. Summing up, when we
move forward into the asymptotic future (a → ∞) the first term in the square brackets
on the r.h.s. of Eq. (VII.13), i.e. the positive constant term 3M2PΩm0, remains as the
dominant term over the negative one proportional to n0
H0
, and therefore we are guaranteed
that S ′total(a → ∞) > 0, in accordance with the GSL. Put another way, it is thanks to the
contribution from the horizon entropy, SA(a), that the GSL can be finally satisfied. In its
absence, the volume entropy from matter particles, SV(a), proves unable to do the job and
hence it would entail a decrease of the entropy with the evolution!
Physically the reason lies on the fact that the particle decay rate of the vacuum in
the current and future epoch follows the law (V.4) and hence it is suppressed both by the
smallness of ν and the decrease ofH during the evolution. As a result, the slow production of
new particles cannot catch up with its rapid dilution owing to the expansion. Alternatively,
we can see from Eq. (VII.10) that when we evolve into the future the value of H3 in the
denominator tends to a calculable constant from (IV.14) whose value is smaller than H0,
whereas the numerator decays fast enough as in (V.1). The decrease of H in no way can
compensate for the steady drop of the number density of particles. In stark contrast, SA(a)
rather than decreasing it increases moderately with the expansion and compensates for it.
Next we need to determine the sign of S ′′total(a), which is essential for the stabilization of
the entropy growth. Quite obviously, the prefactor on the r.h.s. of Eq. (VII.13) is always
negative and decreases as ∼ a−5, but the expressions inside the square brackets are a bit
cumbersome and cannot be directly judged on a simple inspection. We can use the previous
method to ascertain the sign of S ′′total(a) when the scale factor a tends to infinity. We first
find out the dominated items when a→∞ and ignore the subordinated terms. Using once
more that |ν| ≪ 1, the eventual behavior of the term (3ν − 2)Ωm0a3(ν−1) + (4 − 3ν)Ψ is
simply (4 − 3ν)Ψ, which is positive. And the asymptotic behavior of (3ν − 1)Ω2m0a6(ν−1) +
2(14− 15ν−)Ωm0a3(ν−1)Ψ + 4(3ν − 4)Ψ2 is 4(3ν − 4)Ψ2 ≃ −16Ψ2, which is negative. Next
we note that the limiting behavior of the first term in the big square brackets gives the
expression 3M2PΩm0(4 − 3ν)Ψ ∼ 12M2PΩm0ΩΛ0, which is positive; whereas the second term
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in the big square brackets tends to 4n0(3ν−4)Ψ
2
H0
√
1−Ωm0
1−ν
∼ −16 n0
H0
Ω
3/2
Λ0 , where the minus sign should
be noted. The two terms are with opposite signs and therefore in competition. However,
similar to the previous analysis, it is immediate to convince oneself that when a → ∞ the
items that need to be compared once more are M2P and
n0
H0
since the remaining factors are
of the same order of magnitude. Therefore, from the previous analysis of (VII.15) we know
that the former is much larger than the latter, so the overall expression in the big square
brackets on the r.h.s. of Eq. (VII.13) remains positive when me move towards the future
and hence S ′′total(a → ∞) < 0. This negative sign confirms the goodness of the asymptotic
behavior of the second condition for the GSL and hence secures the stabilization (gradual
decrease) of the entropy production.
At the end of the day we have proven in quite some detail that the two necessary condi-
tions S ′total(a→∞) > 0 and S ′′total(a→∞) < 0 are fulfilled for the total entropy evolution of
the RVM universe from the current time into the future, i.e. Eqs. (VII.8). The requirements
of thermodynamics for the asymptotic evolution are therefore satisfied both for the entropy
in a comoving volume treated in a previous section and the entropy contribution from the
horizon and its inside. The conclusion is in accordance with previous analyses of entropy
production for comoving volume in dynamical vacuum models [66, 67, 70–72]. Let us men-
tion also [73], where the GSL is explored for some models, including a brief treatment of the
RVM; and [76], where a preliminary attempt is made at comparing the GSL expectations
with observations by pure (model-independent) kinematical analysis, rendering positive con-
clusions. Here we have provided a full fledged theoretical account of the thermodynamical
calculations for the RVM universe both for the comoving entropy and for the entropy asso-
ciated to matter particles and horizon in the different epochs of the cosmic evolution and
in the light of the existing fitting results of the RVM confronted to the overall cosmological
data. In what follows we analyze how the horizon entropy of the universe evolves in the
early epoch.
C. From early inflation to the radiation-dominated epoch
We have analyzed this period of the cosmic evolution in Sec. VI insofar as concerns the
comoving entropy. But here, similarly to the previous section, we wish to account for the
entropy evolution in the early universe when we consider the total entropy inside the horizon
45
added to the entropy on the horizon, i.e. from the point of view of the GSL. From the early
de Sitter stage to the radiation-dominated epoch, the horizon entropy of the universe follows
from equations (IV.22) and (VII.7):
SA(aˆ) = π
M2P
H2
=
πM2P
[
1 + aˆ4(1−ν)
]
H˜2I
, (VII.16)
where we use the same definitions as before. The growing of the horizon entropy in the
beginning is very simple, just approximately constant:
SA(aˆ≪ 1) ≃ π M
2
P
H˜2I
= const. , (VII.17)
whereas in the asymptotic regime into the radiation epoch (1≪ aˆ . aEQ/a∗) we have
SA(aˆ≫ 1) ∼ aˆ4(1−ν) , (VII.18)
and therefore increases very fast. This result is consistent with the fact that when we enter
deep into the radiation phase (aˆ≫ 1) the Hubble rate should follow also from Friedmann’s
equation H2(a) = ρr(a)/3κ
2, with ρr(a) given by Eq (IV.11), and we can check it renders the
same result (VII.18). At the same time there is the contribution from the radiation entropy
inside the horizon, which we also call the volume entropy in this context. It is obtained
from an expression similar to that in (VI.6) but with the comoving volume replaced by the
horizon volume Vh = (4π/3)ℓ
3
h = 4π/(3H
3). Using the formulas (IV.22) and (IV.25), we
find
SV(aˆ) =
4
3
(
π2g∗
30
)1/4
4π
3
ρ
3/4
r
H3(a)
=
8π3
135
g∗
(
T˜I
H˜I
)3
(1− ν)3/4 aˆ3(1−ν) . (VII.19)
From the previous results, the total entropy inside the horizon, Stotal(aˆ) = SV(aˆ) + SA(aˆ)
is just
Stotal(aˆ) =
πM2P
[
1 + aˆ4(1−ν)
]
H˜2I
+
8π3
135
g∗
(
T˜I
H˜I
)3
(1− ν)3/4 aˆ3(1−ν) . (VII.20)
The first and second derivatives read
S ′total(aˆ) =
4π(1− ν)aˆ2−3ν
45H˜3I
[
2π2g∗T˜
3
I (1− ν)3/4 + 45H˜IM2P aˆ1−ν
]
(VII.21)
and
S ′′total(aˆ) =
4π(1− ν)aˆ1−3ν
45H˜3I
[
2π2g∗T˜
3
I (2− 3ν)(1− ν)3/4 + 45H˜IM2P (3− 4ν)aˆ1−ν
]
. (VII.22)
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FIG. 4. The evolution of the horizon entropy and radiation entropy (inside the horizon) from early inflation to the radiation-
dominated epoch, see Eqs. (VII.16) and (VII.19). The behavior of the radiation entropy here is very different from the radiation
entropy in the comoving volume. While the raise of entropy in the last case wanes with time and tends to saturate (cf. Fig. 1),
the entropy on and inside the apparent horizon keeps growing in the early universe. The two plots in the upper panel correspond
to SV (aˆ)/SV (aˆ = 1) and SA(aˆ)/SA(aˆ = 1). The second plot is the same as the first but in bilogarithmic scale, which helps
to better observe the differences between the two contributions for aˆ → 0. In particular, in the case of SA(aˆ) one can spot
an initial (approximate) plateau in 0 ≤ aˆ < 1, whose value is defined roughly by (VII.17). The two plots in the lower panel
are on the first and second derivatives of SV(aˆ)/SV (aˆ = 1) and SA(aˆ)/SA(aˆ = 1) with respect to aˆ, respectively. There is an
interchange of slope dominance among the two contributions near aˆ = 1, which is connected with that initial plateau with very
small slope. We plot four different values of the parameter ν: ν = 0.1 (red solid and red dashed), ν = 0.01 (black dotted and
purple dotted, ν = 0.001 (green dash-dotted and dark green dash-dotted), and ν = 0.0001 (blue dashed and dark blue dashed).
In each set of parameters, the previous line stroke corresponds to the radiation entropy, and the later one is to horizon entropy.
In Fig. 4 we plot the two contributions SV(aˆ) and SA(aˆ) from the early inflation epoch to
the radiation-dominated epoch, as well as the the corresponding first and second derivatives
with respect to the scale factor, i.e. S ′V,A and S
′′
V,A, all of them normalized with respect to
the corresponding value at the equality point aˆ = 1, similar to Fig. 1. It can be seen that
the horizon entropy dominates (∼ aˆ4) over the radiation entropy inside the horizon (∼ aˆ3).
Furthermore, since 0 < ν ≪ 1, it is easy to judge that the results of the derivatives taken
together, S ′total(aˆ) > 0 and S
′′
total(aˆ) > 0, imply an unrestricted growth of the entropy which
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violates the GSL, at least during the cosmological time when the above results are in force.
Such seeming violation of the GSL might be worrisome at first sight. Let us, however,
stress that there is an important feature which still did not enter the above calculation since
it is not relevant until the late time universe, to wit: the existence of a positive cosmological
constant, Λ (connected with c0 in Eq. (IV.2)). This will have a crucial impact in the sought-
for thermodynamical equilibrium within the GSL, as we shall discuss in Sec.VIII.
We close this section by comparing the results for the GSL with the corresponding be-
havior that we have found for the comoving radiation entropy in Sec. VI, namely
Sr(aˆ≪ 1) ∼ aˆ6−3ν , Sr(aˆ≫ 1) = Sr0a3ν , (VII.23)
where the latter case reduces to Eq. (VI.11) for ν = 0. For ν 6= 0, instead, it adopts the
form discussed previously, Eq. (V.6). Since |ν| ≪ 1 the evolution of the radiation entropy in
the comoving volume is very small once we enter the asymptotic regime. Such an evolution
is nevertheless fully consistent with the Second Law provided ν > 0. Recall that equations
(V.6) and (V.7) are also fulfilled for radiation. In contrast, for the concordance ΛCDM the
cosmic evolution in comoving volume is isentropic, i.e. Sr(aˆ) =const. since for it ν = 0.
Let us remark that the “explosive” early behavior of the asymptotic entropy in the context
of the GSL framework (∼ aˆ4) is also present in the comoving volume case and it is even
more pronounced (∼ aˆ6); it appeared as a convexity of the entropy function in the early
period. Such behavior is actually useful for solving the entropy/horizon problems (see next
section). But it was only a transitory feature, which soon disappears owing to the presence
of an inflection point, whereby the desired concavity behavior can rapidly be retrieved (cf.
Fig 1). Something similar will also happen in the GSL case, but it occurs only much later
in the cosmic evolution.
D. Solving the entropy/horizon problems in the RVM
Now that we have elaborated on the entropy evolution both in the comoving frame and
from the point of view of the GSL upon making use of the notion of apparent horizon, let
us discuss the famous entropy problem afflicting the ΛCDM[14], and its possible solution in
the context of the RVM. Let us consider some point deep in the radiation epoch, fully in the
adiabatic regime, and within the ΛCDM cosmology (hence ν = α = 0). In Sec.VI, we have
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shown that for ν → 0 we recover the entropy conservation law Sr = (2π2/45) g∗T 3r a3 =const.
It therefore means that this value must be equal to the present value:
S0 =
2π2
45
gs,0 T
3
r0
(
H−10
)3 ≃ 2.3h−31087 ∼ 1088 (h ≃ 0.7) . (VII.24)
The latter is the total (radiation) entropy enclosed in our physical horizon today. To compute
it, we have replaced a3 by the physical volume a3L3, which at present corresponds to a30L
3
0,
with a0 = 1 and L0 = H
−1
0 being the current horizon; and we have used the known entropy
factor gs,0 = 2 + 6 × (7/8) (Tν,0/Tr0)3 ≃ 3.91 accounting for the d.o.f. today, computed
from the ratio of the present neutrino and photon temperatures [14]. The large numerical
value of the entropy (VII.24) cannot be explained in the concordance ΛCDM model and
leads to conflict when we retrace its origin [14]. To see it, we need to invoke the notion
of particle horizon (cf. Sec.VIIA), which is the one suitable for discussing the causality
principle. Using the ΛCDM cosmology to run the evolution back, starting from the large
entropy value (VII.24), let us consider any previous time t where the scale factor is a(t).
Taking L = H−1 as a well known estimate of the particle horizon in the radiation and matter
dominated epochs, we find
S(a) =
2π2
45
g∗ T
3
r
(
H−1(a)
)3 ∝ a−3 (H−1(a))3 . (VII.25)
From the standard expressions for H in the ΛCDM model in the different standard epochs
of the cosmic evolution, we find that the entropy decreases dramatically inside the horizon
when we move towards the past (a → 0). The corresponding behavior in the relativistic
and nonrelativistic epochs are easily seen to be S ∼ a3 and S ∼ a3/2 respectively, so that
the number of causally disconnected regions when we move to the early universe increases
very fast. For instance, in the primordial nucleosynthesis epoch (a ∼ 10−9) the number of
disconnected regions in the ΛCDM is ∼ 1027. This is of course a rephrasing of the horizon
problem in standard cosmology [14].
In the context of the RVM, instead, the entropy and horizon problems can be resolved on
account of the huge entropy production in the early universe caused by the rapid inflation
and vacuum decay into relativistic matter. This is possible thanks to the driving term ∼ H4
of the vacuum energy density of the RVM. Such term is active, in fact dominant, in the
early universe if α 6= 0 in Eq. (IV.2). Recall the rapid growth S ∼ aˆ6 (the effect of ν can
be neglected for this consideration) in the initial stages until it levels off and stagnates in
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a steady plateau as in Fig. 1. The accumulated amount of entropy per comoving volume
generated from vacuum decay in the very early universe is eventually projected onto our
days and can explain the huge number (VII.24). Recall that the large entropy generated at
the end of the inflation period is transferred to the radiation phase, and then it is preserved
by the standard evolution, up to a small ν-correction – see Eq. (X.13). In this context, we
can provide a consistent explanation of the large entropy today without clashing with the
causal inconsistencies plaguing the ΛCDM description. Indeed, in the context of the RVM
the particle horizon increases faster than the scale factor, it actually becomes infinite as we
approach the very early stages of the cosmic evolution, in contrast to the ΛCDMmodel. This
can be easily checked as follows. First note that for a pure de Sitter universe (H =const.),
the particle horizon integral in Eq. (VII.2) does not converge for a→ 0. Such is in fact the
case for the RVM near a = 0, as can be seen from Eq. (IV.22). Thus, if we compute the
ratio of the particle horizon and the scale factor we find
ℓp(a)
a
=
∫ a
0
da′
a′2H(a′)
= lim
ǫ→0
1
H˜I
∫ a
ǫ
da′
a′2
√
1 + aˆ′4(1−ν) →∞ . (VII.26)
The integration is performed over the range 0 < ǫ < a′ < a, and for finite ǫ the integral
is well defined and positive in it. But it is easy to prove that it diverges for ǫ → 0. This
provides a solution of the horizon problem in the context of the RVM. In contrast, if we
compute exactly the particle horizon in the ΛCDM case we find that the corresponding ratio
is finite and goes to zero for a→ 0,
ℓp(a)
a
∝
∫ a
0
da′
a′2 {a′−2, a′−3/2} → 0 , (VII.27)
both in the radiation (H ∼ a−2) and matter-dominated (H ∼ a−3/2) epochs. This is
consistent with the drastic reduction of entropy in the ΛCDM when moving backwards in
time, as we have estimated above. Of course, this dramatic difference solves the horizon
problem in the context of the RVM, as it implies that all the entropy that was generated
in the very early stages of the cosmic evolution (cf. Sec. VI) was produced under causal
conditions before it was projected onto the future up to our days. In this way we can get a
causal explanation for the big number (VII.24).
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VIII. THE LONG WAY TOWARDS THERMODYNAMICAL EQUILIBRIUM
We have shown in Sec. VI that when we consider the entropy evolution in the comoving
volume for the early universe, there is a kind of ‘explosive growth’ of entropy since the
entropy increases very fast in the beginning (roughly as S ∝ aˆ6). It is actually welcome
since we need such a huge generation of entropy during this stage in order to provide an
explanation for the entropy problem of the ΛCDM in the context of the RVM, as we have
explained in Sec. VIID. In the comoving volume case, such overproduction of entropy is
actually well under control already in the very early universe since it levels off rapidly after
inflation, namely after attaining the vacuum-radiation equality point aˆ = 1 (cf. Fig. 1). The
entropy continues increasing (S ′ > 0), but less and less (S ′′ < 0). This is fully in accordance
with the Second Law and the LTE. However, if one adopts the notion of horizon and the GSL
framework as an starting point for the thermodynamical description, we meet a different
pattern of entropy growth which does not obviously conform with the thermodynamical
expectations. Specifically, we find that the surface contribution SA on the horizon provides
from the start a huge amount of entropy whose growth speeds up very fast, as SA ∼ aˆ4(1−ν),
during the radiation dominated epoch. The radiation entropy inside the horizon (the volume
entropy) also increases, but at a subdominant rate: SV ∝ aˆ3(1−ν). None of these rising trends
actually satisfy the LTE since for them S ′
V ,A
(aˆ) > 0 and S ′′
V ,A
(aˆ) > 0 (cf. Sec. VIIC). They
keep on that rhythm sustained until reaching the matter-dominated epoch, where the volume
contribution inside the horizon suddenly drops down to SV ∼ a−3(1−ν), corresponding to the
(non-relativistic) matter particles – see Eq. (VII.11). On the other hand, the increasing rate
of the surface contribution SA is no longer maintained in the form (VII.18) at this point,
but turns much smaller, as indicated by Eq. (VII.9). It is nonetheless still sufficient to lead
the universe to safe thermodynamical equilibrium in the long run.
The path to satisfy the LTE in the context of the GSL crucially depends on the additive
term c0 in Eq. (IV.2) and hence on the existence of a constant contribution to the vacuum
energy density, cf. Eq. (IV.7). For a clearer understanding, let us reexpress (VII.9) as follows:
SA(a) =
πM2P (1− ν)
H20 [Ωm0 a
−3(1−ν) + ΩΛ0 − ν] . (VIII.1)
If there would be no cosmological constant, or if we would be considering some instant in
the cosmic evolution deep into the matter-dominated epoch (aEQ ≪ a ≪ 1) prior to the
dominance of the cosmological term, we would effectively have ΩΛ0 − ν = c0/H20 ≃ 0, and
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in that case Eq. (VIII.1) would behave simply as
SA(a≪ 1) ∼ a3(1−ν) . (VIII.2)
Such behaviour of SA(a) tells us that during the matter-dominated epoch the path to ther-
modynamical equilibrium still does not conform to the GSL and looks divergent from it. So
in the absence of a cosmological constant, the surface entropy of the horizon would be per-
manently increasing in the wrong, convex, way (S ′A(a) > 0, S
′′
A(a) > 0). Fortunately, there
is a positive cosmological constant which emerges as a leading term in the late time universe,
in particular at the present time, and the entropy formula (VIII.2) is eventually replaced by
(VIII.1). Around the time when this happens, namely at the incipient dark energy epoch,
the horizon entropy sets off, finally, on the safe (concave) path towards thermodynamical
equilibrium: S ′A(a) > 0, S
′′
A(a) < 0 – recall the first terms in the brackets of Eqs. (VII.12)
and (VII.13), which become dominant. Once SA(a) behaves as in (VIII.1), it increases mod-
erately up to a maximum asymptotic value SA(∞) which is only (1 − ν)/(ΩΛ0 − ν) ≃ 1.4
times bigger than the value at present SA(a = 1):
SA(∞) = πM
2
P (1− ν)
H20 (ΩΛ0 − ν)
> SA(1) =
πM2P
H20
. (VIII.3)
Such pace of moderate increase (S ′A(a) > 0) suffices to secure an evolution pathway with
S ′′A(a) < 0 (i.e. the LTE) forever more, and thus conforms with the GSL (cf. Fig. 3). As
it turns out, we find that it is the entropy contribution upon the horizon, SA, the ultimate
responsible for both the leading source of entropy during the early inflationary phase as
well as for guiding, finally, the universe into safe thermodynamical equilibrium at late times
of its cosmological history. In the intervening period between the two de Sitter epochs of
that history, the entropy of both radiation and of matter particles being stored inside the
apparent horizon (SV) did not play a decisive role in determining the universe’s fate as a
macroscopic system subject to thermodynamical rules of evolution.
Summing up, when we consider the entropy evolution from the point of view of the
GSL, the entropy on the horizon keeps on increasing from the very early de Sitter phase,
it continues doing so in the radiation- and matter-dominated epochs and it only starts to
moderate around the current and future eras when the presence of Λ becomes dominant.
Thus, we conclude that it is the cosmological constant term, Λ, the key actor which makes
possible the safe way to thermodynamical equilibrium. It appears as a rescue for the eventual
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fulfilment of the GSL in the late stages of the cosmic evolution, after the universe took enough
time to recover from the ‘explosive’ growth of entropy acquired during the early de Sitter
phase. But even after such a long path of cosmic evolution, the universe would never manage
finding its way to safe equilibrium if no cosmological constant Λ would exist, as the entropy
would persist increasing in the untamed fashion (VIII.2) till the end of time.
All that said, let us emphasize that the peculiar behavior shown by the RVM when
examined under the point of view of the GSL is not so different from the concordance
ΛCDM model, since the latter is recovered from the former when there are no dynamical
terms H2 and H4 in the vacuum energy density (IV.2), that is to say, when such energy
density reduces to just a cosmological constant. Since those dynamical terms in the vacuum
energy cannot significantly affect the standard thermal history (H4 decouples automatically
after inflation, andH2 remains under control provided |ν| ≪ 1), the ΛCDM shares essentially
the same sort of vicissitudes in connection to the GSL for the standard epochs of the cosmic
evolution. Notwithstanding, the RVM furnishes a radical change in the very early universe,
as well as a small but measurable effect in the current epoch. First, it provides a satisfactory
mechanism, based on H4-driven inflation, which can solve the entropy/horizon problem of
the ΛCDM (cf. Sec.VIID); and second, it leaves a mild ∼ νH2 dynamical imprint of the
residual vacuum energy in the present universe, which may act as a ‘smoking gun’ for such
possible completion of the cosmic history. Interestingly, the form of dynamical dark energy
predicted by the RVM has been successfully tested in recent analyses of model observational
data and points towards a better fit to the overall cosmological observations as compared to
the ΛCDM [78–84].
IX. CONCLUSIONS
In this paper, we have studied particle and entropy production in the context of the
running vacuum model (RVM), in which the vacuum energy density contains a constant
terms and two dynamical contributions represented by the powers H2 and H4 of the Hubble
rate. Such canonical RVM form can describe the entire cosmic history successfully from the
very early epoch of the universe (in which inflation is driven by the higher power H4) until
the current universe, when the vacuum energy density is essentially constant but it proves
still mildly dynamical owing to the lower power H2. The vacuum energy evolution is possible
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in these models since the energy-momentum tensor of the matter is not conserved, which can
be interpreted as production or annihilation of particles. Such dynamical interplay between
the vacuum and matter is responsible for the nontrivial nature of the RVM as a generalized
form of the ΛCDM in which the cosmological constant is replaced by a dynamical function of
the Hubble rate which affects the entire cosmic history. We have remarked that these powers
of the Hubble rate can be the generic result of the low-energy effective action based on the
bosonic gravitational multiplet of string theory, as shown recently [68, 69]. The presence
of the gravitational Chern-Simons term associated with that action turns out to lead to
an effective ∼ H4 behavior when averaged over the inflationary spacetime. So H4-driven
inflation and the structure of the RVM can be the effective behavior of more fundamental
theories. This is a good motivation to get deeper into its multifarious phenomenological
consequences. In the Appendix we have generalized our discussions of the entropy evolution
in the context of a version of the RVM beyond the canonical one, in which inflation is
driven by the higher order power of the Hubble rate Hn+2 (n > 1) (preferably even powers
n = 2, 4, ... owing to general covariance), and we have reached conclusions which are entirely
similar to the case of H4-driven inflation (corresponding to n = 2).
In the framework of the RVM we have studied the particle entropy and radiation entropy
evolution in the comoving volume approach during the different epochs, starting from the
inflationary era. We found that the entropy satisfies the Second Law of Thermodynamics
(i.e. S ′(aˆ) > 0) and the LTE (law of Thermodynamic Equilibrium: S ′′(aˆ→∞) < 0). During
the transition from the very early stage of the universe to the radiation-dominated period,
the evolution of the entropy of ultra-relativistic particles is extremely fast in the comoving
volume. Such ‘explosive’ growth of radiation entropy only satisfies the Second Law, but
not the LTE. This is actually welcome, to start with, since the large amount of produced
entropy in that initial stage is very helpful to solve the entropy problem of the ΛCDM.
Moreover, we have shown that such rampant growth of entropy is automatically tempered
thanks to an inflexion point around vacuum-radiation equality (see Fig. 2), beyond which
the particle entropy enters the radiation epoch and satisfies the LTE. The existence of such
point provides, of course, nothing but the ‘graceful exit’ mechanism in the context of the
RVM description of the inflationary phase.
Finally, we have assessed the evolution of the entropy from the point of view of the
Generalized Second Law (GSL) and the notion of apparent horizon. Here a new kind of
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problems have been faced. The description turns out to be rather different as compared
to the entropy in the comoving volume since the total entropy contribution now, Stotal(aˆ),
consists of two parts: the particle entropy within the horizon SV(aˆ) and the horizon entropy
SA(aˆ). For the early universe (aˆ→ 0), the total entropy is mainly dominated by the entropy
of the horizon surface (SA(aˆ)) over the particle entropy inside the horizon (SV(aˆ)). When
the universe moves to the radiation-dominated epoch, it still carries an unrestrained entropy
growth which does not show a hint of slowing down with the evolution. As we have seen,
the same sort of conclusions actually apply to the ΛCDM. Notwithstanding, for both the
RVM and the ΛCDM, we found that the total entropy on the apparent horizon becomes
fully in accordance with the Second Law as soon as we approach the current time and then
into the future: S ′total(aˆ) > 0 and S
′′
total(aˆ → ∞) < 0. It takes, however, the entire cosmic
span prior to the current epoch until achieving the long term purpose of setting off towards
thermodynamical equilibrium. In contradistinction to the ΛCDM, the RVM provides a
solution to the entropy problem, as it can provide a causal reason for the huge amount of
entropy existing at present, Eq. (VII.24).
Remarkably, the existence of a nonvanishing, and positive, cosmological constant term
is the crucial cosmic ingredient directly responsible for the eventual fulfilment of the GSL
in the late universe and its subsequent evolution into the final de Sitter phase. Thus, the
cosmological constant term plays a key role here to salvage the cosmic evolution from failure
to comply with the GSL mandate. One could say it is one important “raison d’eˆtre” more
for the cosmological constant in our universe. As for its dynamical part at present, which
evolves as ∼ νH2 within the RVM, being ν > 0 it implies that the vacuum energy density
is larger in the past than it is at present, and hence that the vacuum throughout its cosmic
evolution decays into particles (rather than the other way around). This is tantamount
to saying that the dark energy that we see at present should be dynamical and behave
quintessence-like, not phantom-like. Noteworthy, this is the kind of situation that is hinted
by the recent data fits to cosmological observations using the RVM [82–84] and also in
generic parameterizations of the DE [88].
Finally, we may ask ourselves which one of the two pictures should be adopted for a
correct thermodynamical description of the evolution of our universe, that is to say, the one
based on the entropy associated to the comoving volume, to which we apply the ordinary
Second Law, or the one based on the apparent horizon, which is under the rule of the
55
Generalized Second Law. This is a difficult question that we cannot fully answer at present,
at least from first principles, since we still do not know if the universe as a whole can be
treated as an ordinary macroscopic thermodynamical system.
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X. APPENDIX: GENERALIZATION TO Hn+2-DRIVEN INFLATION
Herein we study a more general class of RVM models, in which the structure of the
dynamical cosmological term takes the form
Λ(H) = c0 + 3vH
2 + 3α
Hn+2
HnI
. (X.1)
The case n = 2 is the one we have studied in the main text, see Eq. (IV.2). Let us remark
that, although odd values of n = 1, 3, 5, ... would still trigger inflation through H3, H5, H7, ...
contributions of the vacuum energy density, the even values n = 2, 4, 6, .. are definitely
preferred in practice since they involve an even number of derivatives of the scale factor
through the higher order terms of the formH4, H6, H8, ... as being part of the vacuum energy
density. Thus these terms are compatible with the general covariance of the effective action
of QFT in curved spacetime (from which we should expect that the vacuum energy density
should derive) and hence these terms are theoretically more favored for triggering inflation
in generalized RVM frameworks, see e.g. [66, 67]. The subsequent analytical calculations
will be, though, for arbitrary n.
For general n ≥ 1 (which will be assumed throughout) we can still ignore the last term
3αH
n+2
Hn
I
of Eq. (X.1) whenever we consider the late universe, thus giving exactly the same
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FIG. 5. Evolution of the radiation entropy inside the horizon and the horizon entropy in the transit from the early universe
to the radiation-dominated epoch. The left panel shows the radiation entropy and horizon entropy for different values of n
as a function of the (rescaled) scale factor aˆ, whereas the right one displays the same results in bilogarithmic scale in order
to better appraise the region aˆ → 0 (similarly as in Fig 4). The parameter ν is set to 0.001 in all cases for different values of
n: 2 (pink solid and purple solid), 4 (red dotted and black dotted), 6 (green dash-dotted and dark green dash-dotted), and 8
(orange dash-dotted and blue dash-dotted). For each set of parameters, the first line stroke corresponds to the horizon entropy,
and the second one to the radiation entropy.
phenomenology as in the case n = 2 studied in the main text. Such low-energy phenome-
nology only depends on the first two terms on the r.h.s. of Eq. (X.1). The difference with
the case n = 2, therefore, appears only in the early universe, where the higher power term
becomes dominant. For this reason we shall present here the results for the early universe
with arbitrary n ≥ 1 by assuming that c0 can be neglected. Our concern is whether different
values of n have a different impact on the entropy of the early universe. By combining
the field equations with the expression of Λ(H), we can obtain the solution for the Hubble
function. We do not repeat the detailed calculations here, which are more involved, we just
present the final results. For the Hubble function in the early universe, we find:
H(a) =
(
1− ν
α
)1/n
HI[
1 +Da
3
2
n(1−ν)(1+ω)
]1/n , (X.2)
where ω will be henceforth set equal to 1/3 since we are dealing with relativistic particles
in the early universe. The solutions for the energy density of matter and vacuum read
ρr =
3H2I (1− ν)
2
n
+1
κ2α2/n
Da2n(1−ν)
[1 +Da2n(1−ν)]
n+2
n
(X.3)
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and
ρΛ =
3H2I (1− ν)2/n
κ2α2/n
1 + νDa2n(1−ν)
[1 +Da2n(1−ν ]
n+2
n
. (X.4)
The above three formulas are the generalizations of equations (IV.18), (IV.19) and (IV.20),
respectively. For convenience, we now follow once more the kind of notation adopted in
Sec. IVC and extend it for arbitrary n. We first find the equality point between vacuum
energy density and relativistic matter, aeq, which satisfies ρr(aeq) = ρΛ(aeq). Thereafter we
define the related point a∗ as follows:
D =
1
1− 2ν a
−2n(1−ν)
eq ≡ a−2n(1−ν)∗ . (X.5)
Next we introduce rescaled variables aˆ, H˜I , ρ˜I , T˜I through the following relations, in a manner
similar to the definitions given in Sec. IVC:
aˆ =
a
a∗
, H˜I =
(
1− ν
α
)1/n
HI and ρ˜I =
3
κ2
H˜2I =
π2
30
g∗ T˜
4
I . (X.6)
We are now ready to reexpress the above formulas in a much more compact way with the
help of the those rescaled quantities. First, we can rewrite Eq. (X.2) as
H(aˆ) =
H˜I
[1 + aˆ2n(1−ν)]1/n
. (X.7)
Similarly for the matter and vacuum energy densities:
ρr(aˆ) = ρ˜I(1− ν) aˆ
2n(1−ν)
[1 + aˆ2n(1−ν)]
n+2
n
(X.8)
and
ρΛ(aˆ) = ρ˜I
1 + νaˆ2n(1−ν)
[1 + aˆ4(1−ν)]
n+2
n
. (X.9)
We are ready to provide the general entropy formulas for arbitrary n. First of all we
compute the expression of the radiation temperature for arbitrary n:
Tr = T˜I (1− ν)1/4 aˆ
n
2
(1−ν)
[1 + aˆ2n(1−ν)]
1
4
(1+ 2
n
)
. (X.10)
We can easily check that for aˆ ≫ 1 we find Tra1−ν = const., independent of n. Therefore,
we recover the same law (VI.10) for all n. The evolution of the radiation entropy in the
comoving volume is now easily found from (X.10), with the following result:
Sr(aˆ) =
2π2
45
g∗ T˜
3
I a
3
∗ fn(aˆ) . (X.11)
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Here we have defined the function
fn(aˆ) = (1− ν)3/4 aˆ
3n
2
(1−ν+ 2
n
)
[1 + aˆ2n(1−ν)]
3
4
(1+ 2
n
)
, (X.12)
which generalizes that of Eq. (VI.7) for arbitrary n. As expected, for n = 2 we recover the
results of Sec.VI. After straightforward calculations it is not difficult to show the following:
i) S ′(aˆ) > 0 for all aˆ; and ii) for any value of n there exists an inflexion point aˆi near aˆ = 1
such that S ′′(aˆ) < 0 for aˆ > aˆi, i.e. a situation very similar to the behavior shown in Figs.
1 and 2 for the case n = 2. For arbitrary n, the rising of the entropy during the inflationary
epoch (i.e. for aˆ < 1) goes approximately (neglecting ν at this point) as S(aˆ) ∼ aˆ3(1+n/2)
and it can be extremely fast. For n = 2 we recover S(aˆ) ∼ aˆ6, but e.g. for n = 4 we have
S(aˆ) ∼ aˆ9. Deep into the radiation epoch (aˆ ≫ 1) it is easy to check that the raise of
entropy once more levels off and saturates to an asymptotic value, which is independent of
n and therefore reads formally as in the n = 2 case:
Sr(aˆ≫ 1) ≃ 2π
2
45
g∗ T˜
3
I a
3
∗(1− ν)3/4aˆ3ν ≡ Sr0aˆ3ν . (X.13)
The conclusions are therefore the same as for n = 2, namely for 0 < ν ≪ 1 the behavior of
the total entropy once more satisfies S ′r(aˆ) > 0 and S
′′
r (aˆ) < 0 for all aˆ ≫ 1, in accordance
with the Second Law.
Let us now focus on the GSL for arbitrary n by considering the evolution of the total
entropy inside and upon the (apparent) horizon, i.e. along the lines described in Sec.VII
but considering arbitrary n. The total entropy is found to be
Stotal(aˆ) = SV(aˆ) + SA(aˆ) =
πM2P
[
1 + aˆ2n(1−ν)
]2/n
H˜2I
+
8π3
135
g∗
(
T˜I
H˜I
)3
(1− ν)3/4 aˆ 32n(1−ν) [1 + aˆ2n(1−ν)] 3(2−n)4n , (X.14)
which reduces to (VII.20) when n = 2. The corresponding expression for S ′total(aˆ) reads as
follows:
S ′total(aˆ) =
4π(1− ν)
45H˜3I
aˆ
7
2
n(1−ν)−1[1 + aˆ2n(1−ν)]
3
2n
− 7
4
[
45H˜I M
2
P aˆ
− 3
2
n(1−ν)[1 + aˆ2n(1−ν)]
3
4
+ 1
2n
+ π2 g∗ T˜
3
I (1− ν)3/4(2 + n aˆ−2n(1−ν))
]
. (X.15)
For n = 2 this expression boils down to (VII.21), as it should. We find once more that
S ′total(aˆ) > 0 for general n on account of 0 < ν ≪ 1, which is the same conclusion as in the
case n = 2.
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As for S ′′total(aˆ) the calculation is lengthier and we divide it into the two parts S
′′
V(aˆ) and
S ′′A(aˆ). The final results can be expressed as
S ′′V(aˆ) =
2π3 g∗ T˜ 3I
45H˜3I
(1− ν)7/4aˆ 112 n(1−ν)−2[1 + aˆ2n(1−ν)] 32n− 114[
8− 12ν − (2n− 3n2 + 3n2ν)aˆ−4n(1−ν)
−[4 + 2n(2n− 9 + 10ν − 2nν)]aˆ−2n(1−ν)
]
, (X.16)
and
S ′′A(aˆ) =
4πM2P (1− ν)
[
1 + aˆ2n(1−ν)
]2/n [
3− 4ν − (1 + 2nν − 2n)aˆ−2n(1−ν)]
H˜2I aˆ
2 [1 + aˆ−2n(1−ν)]2
. (X.17)
One can check that the sum of these more complicated formulas reduces to Eq. (VII.22) for
n = 2. Furthermore, it is easy to check that when aˆ tends to 0, S ′′V(aˆ) and S
′′
A(aˆ) are both
positive in the considered range of values. Therefore, S ′′total(aˆ) is always positive in the very
early universe, which is consistent with the conclusion obtained in the case n = 2. In other
words, the entropy of the early universe has an “explosive” growth regardless of the value of
n. As we have explained in the main text, this result is acceptable since the behavior of the
entropy is rectified at late times. Our main concern is whether the total entropy Stotal(aˆ)
can eventually reach equilibrium, i.e. S ′′total(aˆ ≫ 1) < 0. From Eq. (X.16), we find that
S ′′V(aˆ ≫ 1) is positive since 0 < ν ≪ 1. Similarly, we can prove that S ′′A(aˆ) > 0 holds true
for aˆ > 0. Moreover, one can check explicitly that the asymptotic behaviors of the above
expressions do not depend on n:
S ′′V(aˆ≫ 1) ∼ a1−3ν and S ′′A(aˆ≫ 1) ∼ a2−4ν . (X.18)
Thus, they turn out to be equal to the respective asymptotic behaviors of the two terms of
Eq. (VII.22) corresponding to n = 2. As a matter of fact, it could be expected that the
asymptotic behaviors of S ′′V(aˆ) and S
′′
A(aˆ) should be independent of the value of n, because
with the growth of the scale factor, the term 3αH
n+2
Hn
I
in Λ(H) will be eventually negligible.
In Fig. 5 we draw plots displaying the exact numerical evolution of the radiation entropy
inside the horizon, together with the horizon entropy, for a few values of n, which we take
all even for the reasons explained in the beginning. From that figure we can see that the
larger the value of n, the faster is the corresponding entropy growth.
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Finally, the following remark is in order. Since the evolutions of all the cosmological
functions, such as the scale factor, vacuum energy density, and radiation entropy, are con-
tinuous functions of the cosmic time, and taking into account that for general n we know
that the evolution of radiation entropy in the late universe is consistent with the case of
n = 2, we are also guaranteed that the thermodynamic requirements of the Second Law
and of the LTE (S ′(a) > 0 and S ′′(a) < 0) must also be fulfilled for general n much in the
same way as we have explicitly shown for the particular case n = 2. Therefore, an inflexion
point (at which S ′′total(aˆ) becomes negative) must necessarily exist near the time when the
cosmological constant becomes dominant, exactly as in the case n = 2. Once more we see
that the argument hinges on the necessary presence of the nonvanishing (positive) term c0 in
the structure of the vacuum energy density Eq. (X.1). In this way we have formally proven
that all of the generalized RVM models (X.1) follow the same thermodynamical pattern,
irrespective of the value of n ≥ 1, and therefore they all fulfill the GSL. In all these cases
the existence of a positive cosmological constant is instrumental to warrant a safe path of
the universe towards stable thermodynamical equilibrium.
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